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ARTHUR PARAMETERS AND CUSPIDAL 
AUTOMORPHIC MODULES OF CLASSICAL GROUPS 

DIHUA JIANG AND LEI ZHANG 


Abstract. The endoscopic classification via the stable trace for¬ 
mula comparison provides certain character relations between ir¬ 
reducible cuspidal automorphic representations of classical groups 
and their global Arthur parameters, which are certain automor¬ 
phic representations of general linear groups. It is a question of 
J. Arthur and W. Schmid that asks: How to construct concrete 
modules for irreducible cuspidal automorphic representations of 
classical groups in term of their global Arthur parameters? In this 
paper, we formulate a general construction of concrete modules, 
using Bessel periods, for cuspidal automorphic representations of 
classical groups with generic global Arthur parameters. Then we 
establish the theory for orthogonal and unitary groups, based on 
certain well expected conjectures. Among the consequences of the 
theory in this paper is the global Gan-Gross-Prasad conjecture for 
those classical groups. 
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1. Introduction 

Let F be a number held and A be the ring of the adeles of F. Let 
G be a classical group dehned over F. The theory of endoscopic classi- 
hcation is to parameterize the irreducible automorphic representations 
of G{A) occurring in the discrete spectrum of all square-integrable au¬ 
tomorphic functions on G{A), up to global Arthur packets, by means 
of global Arthur parameters. These parameters are formal sums of cer¬ 
tain irreducible square-integrable automorphic representations of gen¬ 
eral linear groups. This fundamental theory has been established by 
J. Arthur in [3] for G to be either symplectic groups or F-quasisplit 
special orthogonal groups, with outline on general orthogonal groups in 
[31 Ghapter 9]. Following the fundamental work of Arthur ([3]), several 
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authors made progress for more general classical groups. C.-P. Mok 
established the theory for F-quasisplit unitary groups (|SZ])- More re¬ 
cently, Kaletha, Minguez, Shin, and White in [50] made progress on 
more general unitary groups. We refer to the work of B. Xu ([78]) for 
progress on the cases of similitude classical groups GSp 2 „ and G 02 n- 
We remark that all those works depend on the stabilization of the 
twisted trace formula, which has been achieved through the series of 
works of G. Moeglin and J.-L. Waldspurger that is now given in their 
book ([SS])- 

In Problem No. 5 in the Open Problems in honor of W. Schmid ([!]), 
Arthur explains that the trace formula method establishes certain char¬ 
acter relation between irreducible cuspidal automorphic representations 
of classical groups and their global Arthur parameters. It was Schmid 
who asks: “What about modules...?”. This means how to construct 
a concrete module for any irreducible cuspidal automorphic represen¬ 
tation in terms of its global Arthur parameter. In [1], Arthur posted 
this question and pointed out that the work of the hrst named author 
([37]) has the potential to give an answer to this question. 

Our objective is to formulate, in the spirit of the constructive theory 
described in [27], a general construction (Principle II.ip of concrete 
modules for cuspidal automorphic representations of general classical 
groups, which provides an answer to the question of Arthur-Schmid. 

In this paper we establish the theory of concrete modules (Gonjec- 
ture 16.61) . under certain well expected conjectures IGoniecture 12.31 for 
instance), for cuspidal automorphic representations with generic global 
Arthur parameters iTheorem lT.ip . The key idea in the theory is to in¬ 
troduce the method of twisted automorphic descents, which extends 
the method of automorphic descents of Ginzburg-Rallis-Soudry ([25]) 
from F-quasisplit classical groups to general classical groups, and from 
generic cuspidal automorphic representations to general cuspidal auto¬ 
morphic representations with generic global Arthur parameters. 

One of the main technical issues in the method is to establish the 
global non-vanishing of the twisted automorphic descents that con¬ 
structed from the given data. This is treated by establishing the recip¬ 
rocal identity for Bessel periods fTheorem 15.4|] . which depends heavily 
on the extension of the global and local theory of the global zeta in¬ 
tegrals that represent the tensor product L-functions to the generality 
considered in this paper from the work of Ginzburg, Piatetski-Shapiro 
and Rallis ([21]), and the work of the current authors ([B]), and the 
recent work of Soudry (mi). Those previously done works mainly treat 
the F-quasisplit classical groups. Another technical issue is to prove 
the irreducibility of the concrete modules constructed via the twisted 
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automorphic descents, which is proved by using the local Gan-Gross- 
Prasad conjecture (Gonjecture I3.ip as input. In consequence, we are 
able to establish one direction of the global Gan-Gross-Prasad con¬ 
jecture in full generality (Theorem IS.Sp . while the other direction of 
the conjecture with a global assumption fTheorem I6.10p . except some 
special cases fGorollarv Ib.lll and also |1Q]). 

The global Gan-Gross-Prasad conjecture that we refer to is Gonjec- 
tures 24.1 (and Gonjecture 26.1 for a different formulation) in [T7]. It 
was hrst made by B. Gross and D. Prasad in [2S] and |27] for orthog¬ 
onal groups, and was reformulated in full generality for all classical 
groups, including the metaplectic groups, by Gan, Gross and Prasad 
in HZI. The progress towards the proof of the global Gan-Gross-Prasad 
conjecture can trace back to the pioneering work of Harder-Langlands- 
Rapoport on the Tate conjecture for Hilbert-Blumenthal modular sur¬ 
faces ([20]), and has been well explained in ini, [T8] . and also in [T6] . 

It is important to point out that the work of W. Zhang ([82] and 
[55] ) established the global Gan-Gross-Prasad conjecture for a special 
family of unitary groups with certain global and local constraints. The 
approach taken up in [52] and [55] is to use the relative trace formula de¬ 
veloped by H. Jacquet and S. Rallis in [55] for unitary groups. However, 
such a relative trace formula that can be used to attack the global Gan- 
Gross-Prasad conjecture for orthogonal groups is so far not known to be 
available. The global Gan-Gross-Prasad conjecture for generic cuspidal 
automorphic representations with simple global Arthur parameters was 
considered in [21], [22], and [25] for symplectic and metaplectic groups, 
orthogonal groups, and unitary groups, respectively. The method is a 
combination of the Bessel or Fourier-Jacobi periods of certain residual 
representations with the Arthur truncation method. It was recently 
discovered that there is a technical gap in the argument towards the 
end of the proof, which needs to be hlled up. A similar approach with 
the Arthur truncation replaced by the Jacquet-Lapid-Rogawski trun¬ 
cation is applied to the case of Un+i x U„ by A. Ichino and S. Yamana 
in [35]. We refer to Section [5^ for a more detailed account. 

The approach taken up in this paper treats the global Gan-Gross- 
Prasad conjecture uniformly for unitary groups and orthogonal groups, 
and can be used to take care of the symplectic group and metaplectic 
group situation by using the Fourier-Jacobi periods ([IS]). It avoids 
the technical difficulties that occur in the work ([21], [22], and [23]), 
which seem hopeless to be smoothly handled when one considers gen¬ 
eral cuspidal automorphic representations with generic global Arthur 
parameters and general classical groups. More importantly, the ap¬ 
proach in this paper is much naturally related to the theory of twisted 
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automorphic descents and the general Rankin-Selberg method, so that 
one may regard the global Gan-Gross-Prasad conjecture as part of the 
theory developed in our work. Finally, the results on the global Gan- 
Gross-Prasad conjecture in this paper iTlieorems 15.51 and 16.101) do not 
assume that the cuspidal multiplicity should be one, while this cusp¬ 
idal multiplicity one assumption was taken for the global Gan-Gross- 
Prasad conjecture in im. This cuspidal multiplicity one issue was also 
discussed by H. Xue in [SUl Section 6]. 

We also refer to [S2] and [S3] for a beautiful explanation of the rela¬ 
tion between the Gan-Gross-Prasad conjecture and certain important 
problems in arithmetic and geometry, and for a more complete account 
of the progress on lower rank examples and other special cases towards 
the global conjecture and its rehnement. 

1.1. Main ideas and arguments in the theory. In order to illus¬ 
trate the main ideas and arguments of the theory in this introduction, 
we take G to be an odd special orthogonal group. The general case 
will be discussed in the main body of this paper. 

We denote by G* = SO{V*,q*) the F-split odd special orthogonal 
group of 2n-|-l variables. Let Gn = SO(l/, q) be the odd special orthog¬ 
onal group dehned by a 2?7, -|- 1 dimensional non-degenerate quadratic 
space (G, q) over F. Then Gn is a pure inner form of G* over F, in the 
sense of Vogan (in ua and also in HZ], Hi and USD- Following the 
work of Arthur (0, Ghapter 9, in particular), the discrete spectrum 
of Gn are parameterized by the G„-relevant, global Arthur parameters 
of Gn, the set of which is denoted by \[' 2 (G*)g„- The global Arthur 
parameters of G* are multiplicity-free formal sums of the type 

(1.1) V' = (ri, 6l) ffl ■ ■ ■ ffl {Tr, br) e T 2 (G:), 

where Tj is an irreducible unitary self-dual cuspidal automorphic repre¬ 
sentation of GLq. (A) for i = 1, 2, • • • , r, having the property that when 
Tj is of orthogonal type, the integer bi must be even, and when r* is of 
symplectic type, the integer bi must be odd. 

Following [3], a global Arthur parameter -0 is called generic if = 1 
for i = 1,2,... ,r. The subset of the generic parameters is denoted 
by <F 2 (G*) and that of the G^-relevant ones is denoted by <F 2 (G*)g„. 
Hence the generic global Arthur parameters are of the form 

(1.2) 0 = (ti, 1) ffl ■ ■ ■ ffl (r^, 1). 

It follows that for a generic global Arthur parameter 0 in fll.2l) . the 
cuspidal automorphic representations ti, • • • ,Tr are all of symplectic 
type and r* is not equivalent to tj \i i ^ j. 
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By [3], in particular, [3l Chapter 9], for any vr G *4.cusp(Gn), the 
set of equivalence classes of irreducible automorphic representations of 
Gn that occur in the cuspidal spectrum, there is a G„-relevant, global 
Arthur parameter G \[' 2 (G'*), such that vr G n^(Gn), the global 
Arthur packet of Gn associated to 'ip. One has the following diagram: 

(1.3) 

^ \ 

•4.disc(G'n) n yidisc(Gn) n n^(G*) 

where ^disc(G'n) is the set of equivalence classes of irreducible automor¬ 
phic representations of G„(A) that occur in the discrete spectrum. 

When a parameter -0 G \ 1 ' 2 ( 0 *) is generic, i.e. 0 = 0 as given in 
fll. 21 ) . the global packet contains an irreducible generic cuspidal 

automorphic representation ttq of G*(A). This tiq can be constructed 
by the automorphic descent of Ginzburg, Rallis and Soudry in |25] and 
in |12]. This construction produces a concrete module for ttq by using 
only the generic global Arthur parameter 0. However, it remains a 
big problem to construct other cuspidal members in the global packet 
n<^(G*), and even more generally, to construct all cuspidal members in 
li^iGn) for all pure inner forms Gn of G*. 

It seems clear from Diagram (11.31) that one has to take more invari¬ 
ants of vr into consideration, in order to develop a reasonable theory 
that constructs concrete modules from all cuspidal members in n^(G) 
for general classical groups G. One of the natural choices is to utilize 
the structure of Fourier coefficients of cuspidal automorphic representa¬ 
tions vr, in addition to the global Arthur parameters 0. We use ^”( 71 , G) 
to denote a certain piece of information about the structure of Fourier 
coefficients of vr. Here is the principle of the theory. 

Principle 1.1 (Concrete Modules). Let G* he an F-quasisplit clas¬ 
sical group and G be a pure inner form of G*. For an irreducible 
cuspidal automorphic representation ir ofG{A), assuming that n has a 
G-relevant global Arthur parameter 0 G T 2 (G*), there exists a datum 
G) such that one is able to construct a concrete irreducible module 
A1(0, J^( 7 r, G)), depending on the data (0, J^( 7 r, G)), with the property 
that 

7l = M{2p,F{7l,G)). 
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Moreover, if tt oeeurs in the cuspidal spectrum of G with multiplicity 
one, then 71 = Ai{'il!,iF{7i,G)). 

We remark that ii G = G* is F-quasisplit and tt is generic, the 
concrete module expected in Principle 11.11 should coincide with the 
module constructed from the automorphic descents of Ginzburg-Rallis- 
Soudry in [25]. This will be explained in Corollary 17.31 

We still take Gn to be an odd special orthogonal group. For the 
case when the global Arthur parameter is generic, we propose the 
Main Conjecture 1 Conjecture 16.6p of the theory developed in this paper 
that specifies the Principle of Concrete Modules (Principle II.ip with 
the datum fF{'K,Gn) explicitly given in Conjecture 12.31 The nature 
of Conjecture 12.31 will be briefly discussed in Section 12.31 and will be 
considered in our future work. 

With F(7r, Gn) as described in Conjecture 12.31 and with the generic 
global Arthur parameter f for vr, the construction of the concrete mod¬ 
ule Gn)) for the given tt is carried out by the twisted auto¬ 

morphic descent as illustrated in Diagram fl6.4p . One of the key results 
is Theorem 15.41 which gives a reciprocal identity for Bessel periods. 
Such an identity is proved using refined theory of the global zeta in¬ 
tegrals for the tensor product L-functions for Gn and a general linear 
group. The global theory of the global zeta integrals goes back to the 
pioneering work of Cinzburg, Piatetski-Shapiro and Rallis for orthog¬ 
onal groups ([2l|), which has been extended to a more general setting, 
including unitary groups by the authors of this paper in [33]. We es¬ 
tablished the global results of the global zeta integrals for the most 
general situation in Section |31 In order to obtain Theorem 15.41 the 
reciprocal identity for Bessel periods, we need the explicit unramified 
computation of the local zeta integrals. Although this was done for 
many families of cases m, m, mi, and mi), the unramihed com¬ 
putation in such great generality as needed for Theorem 15.41 has not 
been completely written. It is the project of the authors joint with 
D. Soudry to complete it. Hence we state the unramihed computation 
result as a hypothesis iHvpothesis 14.4|) . 

By using the reciprocal identity for Bessel periods, we are able to 
show that certain Fourier coefficient of a residual representation, which 
is denoted by iF^'"o{ST^a), is nonzero. The notation is referred to The¬ 
orem 15.41 This is the candidate for the concrete module of tt, as ex¬ 
plained in the main conjecture of the theory (Conjecture 16.6p . Con¬ 
jecture 16.61 for Gn asserts that {Sr^„) is an irreducible cuspidal 
automorphic representation of Gn(A) that is isomorphic to the given 
71. We note that when G„ is an even special orthogonal group, this 
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assertion has to be modified due to the extra outer involution. We 
refer to Conjecture 16.61 for detail. 

One of the main results of this paper (Theorem I7.ip is to prove 
that Conjecture 16.61 holds under the assumption of Conjecture 12.31 and 
Conjecture 13.11 In two special cases, the results are stronger as given 
in Corollary 17.31 and Corollary 17.51 It is worthwhile to mention that 
by a different argument, this theory recovered the classical Jacquet- 
Langlands correspondence for PGL(2) in [ID]. 

We remark that the irreducibility of is deduced from 

Conjecture l3.11 which is the local Gan-Gross-Prasad conjecture for local 
Vogan packets. The recent progress towards this conjecture is recorded 
as Theorem 13.21 according to the work of Moeglin-Waldspurger ([65]). 
the work of R. Beuzart-Plessis m and 0). the work of Gan-Ichino 
f[T9]i. the work of H. He ([29]), and the work of T. Kobayashi and B. 
Speh f [53]). 

Based on our theory. Theorem 15.51 proves one direction of the global 
Gan-Gross-Prasad conjecture in full generality for the classical groups 
considered in this paper, while Theorem 16.101 proves the other direction 
of the conjecture with a global assumption IGonjecture 16.Sp . which is 
about certain structure of Fourier coefficients of the relevant residual 
representations. We refer to [ST] Section 4] and [38] for discussion of 
the general issue related to the conjecture. 

1.2. Structure of this paper. A more detailed description of the 
content in each section is in order. In Section 12.11 we discuss the 
family of classical groups considered in this paper and recall their basic 
structures. The global Arthur parameters and the discrete spectrum 
for those classical groups are discussed in Section 12.21 We recall from 
|37| and [38] the general notion of Fourier coefficients of automorphic 
forms associated to the partitions or nilpotent orbits in Section [T3] and 
give a more detailed account for the special type of Fourier coefficients, 
which is often called the Bessel-Fourier coefficients. Based on the tower 
property for Bessel-Fourier coefficients of cuspidal automorphic forms 
(Proposition [22]), we state Goniecture 12.31 This is our starting point in 
the theory of construction of concrete modules for irreducible cuspidal 
automorphic representations for general classical groups. In Section 
12.41 we show fProposition l2.6|) the construction illustrated by Diagram 
fl6.4D covers all the classical groups considered in this paper as described 
in Section 12.11 

The local Gan-Gross-Prasad conjecture is one of the key inputs in 
the proof of the irreducibility of the constructed modules. We recall 
from HZI for the cases considered in this paper in Section [S] and state 
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Conjecture 13.11 which is needed for one of the main results in the paper 
fTheorem 17.ip . The known cases of Conjecture 13.11 are stated in The¬ 
orem I3.21 In Section 01 we consider a family of global zeta integrals, 
which represent the tensor product L-functions for the classical groups 
defined in Section [2T] and the general linear groups. We show that they 
can be written as an Euler product of local zeta integrals (Theorem 14.21 
and Theorem 14.31) . Those results have been refined in Theorem 14.51 to 
yield a more explicit formula for the global zeta integrals, based on the 
explicit unramified computation of the local zeta integrals (Hypothe¬ 
sis 14.4p . Based on what was discussed in Section 01 we establish in 
Section 0] the necessary analytic properties of the local zeta integrals 
(Proposition [5T]), which are needed to establish the reciprocal identity 
for Bessel periods fTheorem 15.4p . Here we mention that Theorem 15.21 
on the analytic properties of the normalized local intertwining opera¬ 
tors is another key input in this theory. We will prove Theorem 15.21 in 
Appendix [Bl As a consequence, we obtain in Theorem 15.51 one direc¬ 
tion of the global Gan-Gross-Prasad conjecture in full generality. With 
Gonjecture 12.31 and Theorem 15.41 in addition to Theorem 15.21 we are 
able to obtain the non-vanishing of the Fourier coefficient of the partic¬ 
ular residual representation (i^T(g)o-), which is one of the key points 
in the theory. The basic properties of are established in 

Section [6l which are similar to those in the automorphic descents of 
Ginzburg, Rallis and Soudry ([25]) and in our previous work joint with 
Liu and Xu ([1Q|). As a consequence, we obtain results towards another 
direction of the global Gan-Gross-Prasad conjecture fTheorem 16.101) . 

Diagram 06.41) illustrates the main idea and process of the construc¬ 
tion of concrete modules for irreducible cuspidal automorphic repre¬ 
sentations of G that have generic global Arthur parameters. In the 
framework of the construction given by Diagram 06.41) . we state the 
main conjecture of the theory (Gonjecture 16.6p . As one of the main 
results of this paper, we prove Theorem 17.11 that Gonjecture 16.61 holds 
under the assumption of Gonjecture 12.31 and Gonjecture 13.11 In two spe¬ 
cial cases, Gonjecture 12.31 is trivial or can be easily verified. Hence we 
can have stronger results for those two special cases. The one attached 
to the regular partition (Gorollary 17.31) is essentially the automorphic 
descents in [2S], and the other attached to the subregular partition 
IGorollarv 17.51) is new, and is a generalization of the construction con¬ 
sidered in 00] . 

There are two appendices following the main body of this paper. 
Appendix proves Part (3) of Proposition 15.11 We put this as one of 
the two appendices in order to make the logic flow in the main body 
of this paper more straightforward. Appendix [B] proves Theorem 15.21 
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We leave this out of the main body because the proof needs different 
preparation, although there is a possibility to put it in Section O 
Applications of the theory developed in this paper to a special value 
formula for certain automorphic L-functions will be considered in our 
future work. There is a brief, relevant discussion in Remark 17.21 
Finally, we would like to thank J. Arthur and W. Schmid for ask¬ 
ing and posting this very interesting and important problem in 2013, 
which stimulates and encourages us to carry out the work in this pa¬ 
per. We hope the main results and conjectures in this paper to be 
helpful towards the understanding of the nature of their problem. We 
are grateful to D. Soudry for his help in finding the proof presented in 
Appendix which works uniformly of all local places, and also for his 
agreement to work with us for the completion of the explicit computa¬ 
tion of the unramihed local zeta integrals, which is one of the inputs 
to the theory in this paper. We would also like to thank C. Mceglin, F. 
Shahidi, D. Vogan, and B. Xu for very helpful conversation about the 
proof of the results in Appendix [Bl and thank W. Gan for his helpful 
comments and suggestions on several issues on the theory considered 
here. Last, but not least, we would like to thank P. Sarnak for his inter¬ 
est in and encouraging comments on the theory and results developed 
in this paper, and to thank the referee for very important and useful 
comments and suggestions, which well improved the exposition of the 
paper. 


2. Discrete Spectrum and Fourier Coefficients 

2.1. Certain classical groups. The classical groups considered in 
this paper are unitary groups and special orthogonal groups that are 
explicitly dehned below. 

Let F be a number held and A = Ap be the ring of adeles of F. 
Let F(\/?) be a quadratic held extension of F, with is a non-square 
in F^. Let E be either F or F{^/q), and consider the Galois group 
r e/f = Gal(F/F). It is trivial if F = F, and has a unique non-trivial 
element t if F = F(i/?). Let (V, q) be an n-dimensional non-degenerate 
vector space over F, which is Hermitian if F = F{y/q) and is symmetric 
(or quadratic) if F = F. Denote by Gn = Isom(I/, q)° the identity 
connected component of the isometry group of the space (y,q), with 
n = [^]. Let G* = Isom(I/*, q*)° be an F-quasisplit group of the same 
type, so that Gn is a pure inner form of G* over the held F, following 
[75] and [T7] . 

Let (Vo) <?) be the F-anisotropic kernel of (V, q) with dimension (Jq = 
n — 2r, where the F-rank r = tn = t(G„) of G„ is the same as the Witt 
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index of (y,q). Let V~^ be a maximal totally isotropic subspace of 
(V, q), with {ci,..., Cr} being its basis. Choose L^-linearly independent 
vectors {e_i,..., e_r} in (C, q) such that 

for all I < i, j < t. Denote by V~ = Span{e_i,..., e_r} the dual space 
of V~^. Then (V, q) has the following polar decomposition 

i/ = 1 /+ ©Do©l/-, 

where Vq = (D’*'©!/“)■*■ is an F-anisotropic kernel of (V, q). We choose 
an orthogonal basis ..., of Vq with the property that 

g(ei,e') = di, 

where di is nonzero for all 1 < i < ho- Set Gdo = Isom(Vo, q)° with 
do = [ y] , which is anisotropic over F and is regarded as an F-subgroup 
of Gn. 

We put the above bases together in the following order to form a 
basis of (V, g): 

( 2 . 1 ) ei, . . . , Cr, Cl, 6 —rj • • • 5 6—15 

and £x the following full isotropic flag in (V, q): 

Spanjci} C Spanjci, 62 } C • • ■ C Span{ei,..., e^}, 

which defines a minimal parabolic F-subgroup Fq. Moreover, Fq con¬ 
tains a maximal F-split torus S, consisting of elements 

diag{fi,..., 1 ,..., 1 , ..., 

with ti G F^ for i = 1,2, •• • ,r. Then the centralizer Z{S) in Gn is 
ResE/pS X Gdo, the Levi subgroup of Fq, where Resp/pS is the Weil 
restriction of S from F to F. Then Fq has the Levi decomposition: 

Fq = (Resp/pS X Gdo) x No 

where Nq is the unipotent radical of Fq. Also, with respect to the 
order of the basis in ( 12 .ip . the group Gn is also defined by the following 
symmetric matrix: 

(2.2) j; = j,© 

as defined inductively. 

Let j^{Gn, S) be the root system of Gn over F. Let S) be 

the positive roots corresponding to the minimal parabolic F-subgroup 
Fq, and fA = 0 ^} be a set of simple roots in S'). 

When Gn is an orthogonal group, the root system f^{Gn, S) is of type 


and Jo° = diag{di,..., 
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i?r unless n = 2r, in which case it is of type When Gn is a unitary 
group, the root system S) is non-reduced of type BC^ if 2r < n; 

otherwise, S) is of type C^. 

For a subset J C r}, let f^j be the root subsystem of 

i74)(G'„, S) generated by the simple roots {aj: j E J}. Let Pj = MjUj 
be the standard parabolic F-subgroup of Gn, whose Lie algebra consists 
of all roots spaces with a G S) U For instance, if set 

i := {1,..., r} \ {i}, then P-- = M-JJ^ is the standard maximal parabolic 
F-subgroup of Gn, which stabilizes the rational isotropic space , 
where := Span{e±i,... ,e±i}. Here Ui is the unipotent radical of 
Pi and the Levi subgroup is isomorphic to GE/rii) x Gn-i- Follow¬ 
ing the notation of [3] and [HZ], GE/pi^) '■= Res^/irGLj denotes the Weil 
restriction of F-group GL, restricted to F. Write V(i) = {V^ © V~)^ 
and hence V(r) = Vq is the F-anisotropic kernel of (V, q). 

We recall simply from [HI the classification of pure inner F-forms of 
F-quasisplit classical groups G* for a local field and then for a number 
field. 

For a local field F of characteristic zero, we recall the notion of a 
relevant pair of classical groups. As above, we let Gn ■= Isom(V, q)° be 
defined for an n-dimensional non-degenerate space {V,q) with n= [|]. 
Take an m-dimensional non-degenerate subspace {W, q) of (V, q) with 
the property that the orthogonal complement {W^,q) is F-split and 
has an odd dimension. Define Hm '■= Isom(hF, g)° with m = [^]. By 
m Section 2], the pair (G„, Hm) forms a relevant pair. 

If G'n '■= Isom(W,g')° and := Isom(fF', g')° form another rel¬ 
evant pair, and if G'n and H'^ are pure inner F-form of and Hm, 
respectively, the product G^ x is defined to be relevant to the prod¬ 
uct Gn X Hm if the orthogonal complement q') is equivalent to 

the orthogonal complement iW^, q), as Hermitian vector spaces. From 
m Lemma 2.2, Part (i)], one can have an easy list of all F-relevant 
pairs (Gn, Hm) whose product Gn x Hm is relevant to the F-quasisplit 
product G* X H^. 

For a number field F, Gn is a pure inner F-form of an F-quasisplit G* 
if at every local place u, Gn is a pure inner Fj,-form of G*. The notion 
of relevance is defined in the same way. We will come back to this in 
Section |3] when we discuss Vogan packets and the Gan-Gross-Prasad 
conjectures. 

2.2. Discrete spectrum and Arthur packets. For a reductive alge¬ 
braic group G defined over F, denote by Adisc(G) the set of equivalence 
classes of irreducible unitary representations tt of G(A) occurring in the 
discrete spectrum L^igc(G) of L^(G(F)\G(A)^), when vr is restricted to 
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G{Ay. Also denote by ^cusp(G) for the subset of ^disc(G), whose 
elements occur in the cuspidal spectrum The theory of endo¬ 

scopic classihcation for classical groups is to parameterize the set 
^disc(G'n) by means of the global Arthur parameters, which can be re¬ 
alized as certain automorphic representations of general linear groups. 
We recall from the work of Arthur (0), the work of Mok (0) and 
the work of Kaletha, Minguez, Shin, and White ([50]) the theory for 
the (special) orthogonal groups and the unitary groups considered in 
this paper. 

First, we take an F-quasisplit classical group G*, of which G„ is a 
pure inner F-form. Both G* and G„ share the same L-group ^G* = 
^Gn- Dehne to be n if G„ is a unitary group or an even special 
orthogonal group; and to be n — 1 if G„ is an odd special orthogonal 
group. This number is denoted by in [3], [G^ and [50] . 

Following 0. ra and [50], we denote by Ssim{N) (with = n^) the 
set of the equivalence classes of simple twisted endoscopic data. Each 
member in £^sijn(A^) is represented by a triple (G,s,^), where G is an 
F-quasisplit classical group, s is a semi-simple element as described in 
[21 Page 11] and [671 Page 16], and ^ is the L-embedding 

^G —)■ ^Ge/f{N). 

Note that when G is an F-quasisplit unitary group, the L-embedding 
^ depends on k = ±1 . As in [671 Page 18], for a simple twisted 

endoscopic datum (JJE/F{.N),^^y of Ge/f{.N), the sign (—1)'^“^ • n is 
called the parity of the datum. The set of global Arthur parameters for 
G* is denoted by \k 2 (G*,(^), or simply by \k 2 (G*) if the L-embedding 
^ is well understood in the discussion. 

In order to explicate the structure of the parameters in T 2 (G*,^), 
we hrst recall from [3] and [67] the description of the conjugate self¬ 
dual, elliptic, global Arthur parameters for Ge/f{N), the set of which 
is denoted by Teii(A^). We refer to [3], [67] and also [50] for detailed 
discussion about general global Arthur parameters. The elements of 
ilfeii(A^) are denoted by , which have the form 

(2.3) = 

with N = The formal summands i/jf" are simple parameters 

of the form 

V'f' = Pi 

with Ni = Qibi, where pi = n e Ausp(GE/F(ai)) and z/* is a h- 
dimensional representation of SL 2 (C). Following the notation used in 
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our previous paper inn, we also denote 

for i = 1,2, •• • ,r. The global parameter is called elliptic if the 
decomposition of into the simple parameters is of multiplicity free, 
i.e. and are not equivalent if i ^ j in the sense that either r, 
is not equivalent to Tj or bi ^ bj. The elliptic global parameter is 
called conjugate self-dual if each simple parameter xp- * occurs in the 
decomposition of %p^ is conjugate self-dual in the sense that r, is con¬ 
jugate self-dual. An irreducible cuspidal automorphic representation r 
of Ge/f{.o) is called conjugate self-dual if r = r*, where r* = i(r)^ 
the contragredient of t(r) with i. being the non-trivial element in Fe/f 
if E ^ F] otherwise, l = 1. A global parameter 'ip^ in Teii(A^) is 
called generic if = 1 for i = 1, 2, • • • , r. The set of generic, conjugate 
self-dual, elliptic, global Arthur parameters for Ge/f{N) is denoted by 
<heii(A^)- Hence elements cp in $eii(A^) are of the form: 

(2.4) = 

When r = 1, the parameters are called simple. The corresponding sets 
are denoted by Tsim(A^) and respectively. It is clear that the 

set <hsim(A^) is in one-to-one correspondence with the set of equivalence 
classes of the conjugate self-dual, irreducible cuspidal automorphic rep¬ 
resentations of GE/F{N){f^F)- By [3l Theorem 1.4.1] and [671 Theorem 
2.4.2], for a simple parameter cp = (p°‘ = (r, 1) in <hsim(a) there exists 
a unique endoscopic datum such that the parameter 0“ 

descends to a global parameter for (G<^, in sense that there exists 
an irreducible automorphic representation tt in A 2 {G^), whose Satake 
parameters are determined by the Satake parameters of 

When E ^ F, Gfj) = fJ e/f{.cl) is a unitary group, the L-embedding 
carries a sign Ka, which determines the nature of the base change from 
the unitary group fJE/F{o,) to Ge/f{.oP). By [671 Theorem 2.5.4], the 
(partial) L-function 

L(s, (r, l),As’?("’0) 

has a (simple) pole at s = 1 with the sign ■ (“1)“~^ (see also 

m Theorem 8.1] and [671 Lemma 2.2.1]). Then the irreducible cus¬ 
pidal automorphic representation r or equivalently the simple generic 
parameter (r, 1) is called conjugate orthogonal if = 1 and conju¬ 
gate symplectic if ri{r,i) = —1, following the terminology of [T71 Section 
3] and [671 Section 2]. Here L'^(s, (r, 1), As"*") is the (partial) Asai L- 
function of r and L^{s, (r, 1), As”) is the (partial) Asai L-function of 


ARTHUR PARAMETERS AND CUSPIDAL AUTOMORPHIC MODULES 15 


t®uje/F) where uje/f is the quadratic character associated to E/F by 
the global class held theory. 

The sign of a simple global Arthur parameter xjj = = (r, h) G 

^ 2 ( 06 ) can be calculated following |63 Section 2.4], Fix the sign as 
before for the endoscopic datum {\]the sign of (r, 1 ) is 

h(r,l) = hr = 

Hence the sign of (r, h) is given by 

h(r,b) = = hr(-l)'-'. 

As in m Equation (2.4.9)], dehne 

Kab := 

Then = hr(—1)^”^ = V(T,b) and hence Kab = hr(— 

which gives the endoscopic datum (U£;/i 7 ’(a 6 ), More generally, for 
an elliptic parameter -0^ as in fl2.3p . following from [671 Section 2.1], 
each simple parameter determines the simple twisted endoscopic 
datum (UE/ir(Atj),with 

and hence determines the parity of the r, G Acnsp{GE/F{o,i)) for the 
simple parameter = {Ti,bi)- 

When E = F, the notion of conjugate self-dual becomes just self-dual 
in the usual sense. A self-dual r G M.cusp(a) is called of symplectic type 
if the (partial) exterior square L-function L'^(s,r, A^) has a (simple) 
pole at s = 1; otherwise, r is called of orthogonal type. In the latter 
case, the (partial) symmetric square L-function L‘^(s, r, sym^) has a 
(simple) pole at s = 1 . 

More generally, from [51 Section 1.4] and [HZl Section2.4], for any 
parameter in \heu(At), there is a twisted elliptic endoscopic datum 
(G, s,.^) G £^eii(A^) such that the set of the global parameters T 2 (G, (^) 
can be identified as a subset of \['eii(At). We refer to [51 Section 1.4], 
m Section2.4], and [50l Section 1.3] for more constructive description 
of the parameters in 4 / 2 (G, .^). The elements of T 2 (G*, .^), with N = xx^ 
and n = [^], are of the form 

(2.5) !/> = (ri, 6 i) ffl ■ ■ ■ ffl (rr, 6 ^). 

Here N = Ni + - ■ ■ + Nr and W = Oi-bi, and Tj G Mcusp(GE/i?(ai)) and 6* 
represents the 5j-dimensional representation of SL 2 (C). Note that each 
simple parameter xpi = {jiAi) belongs to 4 / 2 (G*.,^j) with rij = [y] and 
W = n)^, for i = 1 , 2 , • • • , r; and for i 7 ^ j, ipi is not equivalent to xpj. 
The parity for Uj and bi is discussed as above. The subset of generic 
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elliptic global Arthur parameters in is denoted by 

whose elements are in the form of (12.dh . The following is a simplihed 
version of the endoscopic classihcation for classical groups established 
in [3], |67], and [50]. 

Theorem 2.1 (Endoscopic Classihcation). For any vr G .4,disc(Gn), 
there is a Gn-relevant global Arthur parameter ip G \['2(G*,^), such 
that 71 belongs to the global Arthur packet, 11^ (G„), attached to the 
global Arthur parameter ip. 

Following 0. Ell and [50], when Gn is not an even special orthog¬ 
onal group, the multiplicity of tt G Adisc(Gn) realizing in the discrete 
spectrum is one. However, when is an even special or¬ 

thogonal group, the discrete multiplicity of vr G .4.disc(Gn) may be two. 
In the following, we may have to hx a realization of vr G Adisc(G^n) in 
the discrete spectrum which will be denoted by especially 

when the discrete multiplicity of vr is two. 

Recall the notation from the dehnition of [3l Chapter 8] that 

(2.6) 0{Gn) ■= Out]\[{Gn) ■= AutAr(Gn)/lHtAr(Gn) 

is regarded as the diagonal subgroup of OutAr(G,i(A)). When Gn is an 
even special orthogonal group, one may take £ G 02n{F) with dete = 
— 1 and = An, , such that the action of 0(Gn) on tt can be realized 
as the e-conjugate on vr, i.e., 7i'^{g) = 7i{ege~^). Hence the 0(Gn)-orbit 
of 71 has one or two elements. If 0(Gn) acts freely on tt, following the 
notation in [3], we denote the 0(Gn)-torsor of tt by {vr, vr*}. When Gn 
is not an even special orthogonal group, the group 0(Gn) is trivial, so 
is its action. Hence in this case, the 0(Gn)-orbit of tt contains only tt 
itself. 

When Gn is an even special orthogonal group, an elliptic global 
Arthur parameter ip^ as in fl2.3p may descend to two different global 
Arthur parameters ip and i/'* for Gn, which form an 0(G,i)-orbit. If the 
0(G„)-orbit of ip^ is an 0(G„)-torsor {ip,ip^}, then they dehne differ¬ 
ent global Arthur packets and different global Vogan packets. However, 
following [3], their tensor product L-functions with any cuspidal auto- 
morphic representations of general linear groups are the same. We refer 
to Chapter 8 of [3] and Section 6 of [5] for more detailed discussion. 

In the rest of this paper, when we say that ip^ is a global Arthur 
parameter of an even special orthogonal group Gn, we really mean 
that ip^ is identihed with either ip or ip.,,, through a specihc twisted 
endoscopic datum. 






ARTHUR PARAMETERS AND CUSPIDAL AUTOMORPHIC MODULES 17 


2.3. Fourier coefficients and partitions. For an F-quasisplit classi¬ 
cal group G* defined by an n- dimensional non-degenerate space (F*, q*) 
with the Witt index n = [|], the relation between Fourier coefficients 
of automorphic forms ip of G*(A) and the partitions of type (n, G*) 
has been discussed with details in 133 and also in |3H]. We denote 
by V{n, G*) the set of all partitions of type (n, G*). The set P(n, G*) 
parameterizes the set of all F-stable nilpotent adjoint orbits in the Lie 
algebra of G*(F), and hence each partition p G F(n, G*) de¬ 

fines an F-stable nilpotent adjoint orbit G®*. For an F-rational orbit 
Op G Gp*, the datum (p, Op) determines a datum (Vpy'ipOp) for defining 
Fourier coefficients as explained in [37] and [38] • Here Vj, is a unipotent 
subgroup of G* and is a non-degenerate character of f^(A), which 
is trivial on Vp{F) and determined by a given non-trivial character 'ijjp 
of F\A. 

For an automorphic form p on G*(A), the V’Op-Fom'foi' coefficient of 
(p is defined by the following integral: 

(2.7) := [ ip{vg)i/j^l{v)dv. 

JVp{F)\Vp{A) 

Let Ng*^{Vp)^^ be the connected component of the semi-simple part of 
the normalizer of the subgroup Vj, in G*. Define 

(2.8) := CentAT^* (Vp)ss('?/)c)p)°, 

the identity connected component of the stabilizer. It is clear that 
the Fourier coefficient of p, F'^^^{p>){g), is left i7‘^r.(F)-invariant, 
smooth when restricted on and of moderate growth on a Siegel 

set of H^^{A). 

For any vr G .Adisc(G*), we denote by a realization of vr in the 
discrete spectrum Ljigc(G*). We define (or simply F‘^^(7r) 

when no confusion is caused) to be the space spanned by all 
with Ptt running in the space of Ctt, and call J^^{C.„) a ipo^-Fourier 
module of tt. We note that if the discrete multiplicity of vr is one, it has 
a unique -^Op-Fourier module. For a given tt G .4,disc(G*), we denote by 
p(C 7 r) (or simply p(7r)) the subset of V(n, G*) consisting all partitions p 
with the property that the -^Op-Fourier module, is nonzero for 

some choice of the F-rational orbit Op in the F-stable orbit G®*, and 
denote by p'"(vr) (short for p"^(Ct^)) the subset of all maximal members 
in p(7r). In the rest of this paper, we may write F^^(7r) to be 
and p”^(vr) to be for a discrete realization of vr. 
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For a pure inner F-form Gn of G*, a partition p in the set V{n, G*) 
is called Gn-relevant if the unipotent subgroup Vp of G„ as algebraic 
groups over the algebraic closure F is actually dehned over F. We 
denote by V{n, G* )g„ the subset of the set V{n, G* ) consisting of all 
G„-relevant partitions of type (n, G*). It is easy to see that the above 
discussion about Fourier coefficients and Fourier modules can be ap¬ 
plied to all 71 G ^disc(Gn) and all p G V{n, G*)g„, without change. 

Following R. Howe (|32] and [33]), N. Kawanaka ([51]), Moeglin and 
Waldspurger ([62]), and Moeglin ([58]), one expects that the partitions 
p in p™'(7r), the F-rational orbits Op in the F-stable orbits and 

the automorphic spectrum of the Fourier modules F^^{7r) as repre¬ 
sentations of carry fundamental information about the given 

automorphic representation tt of G„(A). However, it is usually not 
easy to obtain explicit information about those data from the given vr. 
In reality, we may consider certain special pieces of those data which 
may already carry enough information for us to understand the given 
representation tt in the theory discussed in this paper. 

We consider a family of partitions of type (n, G*), which leads to the 
so called Bessel-Fourier coefficients of automorphic forms on G„(A). 
These partitions are of the form 

(2.9) [(2£+1)R-2^-1]. 

They are of type (n, G*). The partition p^ is G„-relevant if £ is less than 
or equal to the F-rank x of G„. For example, if Gn is F-anisotropic, 
then the only G„-relevant partition is the trivial partition p^ = [1"]. 
For 71 G Mdisc(Gn), and for a partition p^ G F(n, G*)g„, the Fourier 
module F‘^^(7r) will be called the l-th Bessel module of tt. As ex¬ 
plained before, the Gth Bessel module (tt) consists of moderately 
increasing automorphic functions on and is a representation 

of (^A) by the right translation. 

To simplify the notation, we set := '■= and 

F‘^^(7r) := (vr). In this case, the F-algebraic group is the clas¬ 
sical group H^J = Isom(IT®'^, g)°, where is an [“-dimensional 

non-degenerate subspace of (V, q) with the properties: 

• [“ = n — 2£ — 1 and i~ = [y], 

• the product Gn x H^J is relevant in the sense of the Gan-Gross- 
Prasad conjecture (ini). and 

• the product G„ x Hf’j is a pure inner F-form of an F-quasisplit 

G*n X f;_. 
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We refer to Section Ea for more detailed discussion. One may ex¬ 
tend the proof of [251 Theorem 7.3] to the current case and prove the 
cuspidality of the maximal Bessel module of vr. 

Proposition 2.2 (Cuspidality of Bessel Modules). For any it belong¬ 
ing to Mcusp(G'„) with a cuspidal realization C^, the i-th Bessel module 
of Ct, enjoys the following property: There exists an integer Iq 
in {0,1, • • • , r}, where t is the F-rank of Gn, such that 

(1) the £o-th Bessel module of is nonzero, but for any 

£ G {0,1, • • • , r} with i > Iq, the i-th Bessel module is 

identically zero; and 

(2) the io-th Bessel module is cuspidal in the sense that 

its constant terms along all the parabolic subgroups of H ° are 
zero. 

We note that when the cuspidal multiplicity of tt is two, the index i^ 
of TT in Proposition 12.21 may depend on a particular realization of tt 
in the cuspidal spectrum L^^gp(G„). Hence we write io = ioiC^) to be 
a first occurrence index of tt. Of course, if the cuspidal multiplicity of 
71 is one, tt has the unique first occurrence index, which may be written 
as io = io{7T). 

By Proposition 12.21 for any vr G v4.cusp(Gn), the io-th. Bessel module 

o 

(tt), or more precisely, as a representation of Ff f° (A), is 

nonzero and can be embedded as a submodule in the cuspidal spectrum 
and hence can be written as the following Hilbert direct 

sum of irreducible cuspidal automorphic representations of H °{A): 
(2.10) = CT]^ 0 CT2 © ■ ■ ■ © © ■ ■ ■ 

where all © G Mcusp(hf„-°)- By the uniqueness of local Bessel models 

for classical groups (0, ca, m and [13]), it is easy to deduce that 
the decomposition fl2.10p is of multiplicity free. Furthermore, we have 
the following conjecture. 

Conjecture 2.3 (Generic Summand). Assume that tt G M.cusp(G„) 
has a Gn-relevant, generic global Arthur parameter f G <h 2 (G*). Then 
there exists a cuspidal realization Ct, of tt in £^ygp(G„) with the first 
occurrence index io = io{C,r), such that there exists an F-rational orbit 
OiQ = Op^ in the F-stable orbits Op associated to the partition p^ 

with the Generic Summand Property: There exists at least one a 
in Mcusp(77,_°) with an H ° -relevant, generic global Arthur parameter 

Iq tQ 
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'—■ o 

0O- in and with a cuspidal realization C„ of a in Llnsvi^e-°)> 

such that the L'^-inner product 



in the Hilbert space is nonzero for some 99 ^ G and 

G (3(7 . 


We may regard the Generic Summand Conjecture (Conjecture 12.dj) 
as a natural extension of the Burger-Sarnak principle (CZI and m), 
and the Arthur-Berger-Sarnak principle or ABS principle of Clozel in 
[H]. For example, when Gn is F-anisotropic, we must have the index 
£0 = 0. In this case, we have that £q = [^^], and H is also F- 
anisotropic. It follows that 


^0 


= 


'H 


which is an automorphic version of the classical problem of symmetric 
breaking. Hence the Generic Summand Conjecture asks for the similar 
structure as the Burger-Sarnak principle or the Arthur-Berger-Sarnak 
principle does. It is worthwhile to note that in [S2], there are interest¬ 
ing examples of this nature obtained through a simple relative trace 
formula approach. 

In Section 17.31 we consider the situation that a cuspidal automor¬ 
phic member vr in Il^[Gn) has the property that p™'(7r) = 

is the partition associated to the subregular nilpotent orbit, and 
prove in Proposition 17.41 that Conjecture 12.31 holds for this case. Fur¬ 
ther discussions on the Generic Summand Conjecture: its variants and 
applications can be found in our work (|1S], [IH], and mi)- 


2.4. On rationality of H^d. We are going to make more explicit the 
parametrization of the F-rational orbits Oi in the F-stable orbit for 
the family of partitions p^, which dehne the family of Bessel modules. 
This yields more explicit structure about the groups H^J. 

For the partition p^ = [{2£ -f of type (n, G*), which is 

Gn-relevant, the unipotent subgroup W = of Gn can be chosen to 
consist of all unipotent elements of the form: 






y 

In-2i 



£ Gn 


z G Zp 




( 2 . 11 ) 
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where Zi is the standard maximal (upper-triangular) unipotent sub¬ 
group of Geif{.^)- It follows that the F-rational nilpotent orbits in 
the F-stable nilpotent orbit are in one to one correspondence with 

the Ge/f{^) X Gn-rorbits of F-anisotropic vectors in q), viewed 

as a subspace of (V, q). Hence the generic character 'ipoe of 14(A) may 
also be explicitly defined as follows. Fix a nontrivial character of 
F\A and dehne a character V’e of E\Ae by 


4e(x) : = 


if F = F; 
ifF = F(^). 


F 


n-2i 


^‘IpFiltlE/Fi-^)) 

Consider the following identihcation: 

Vi/[Ve,Ve]=(BtlQa, 

Let Wo be an anisotropic vector in (F"“^^, q) and dehne a character 
of 14 (Ap) by 

e-i 

( 2 . 12 ) = i^e,woiv) ■= i/jEi^Zi^i+i + qiyi,Wo)), 


i=l 


where y£ is the last row of y as dehned in (I2.1ip . The Levi subgroup 
of normalizes the unipotent subgroup 14 and acts on the set 

of such dehned characters ilJe.,wo ■ The group H^J: = is the identity 
connected component of the stabilizer of ‘ipe,wo, which is give by 


(2.13) 



7 


G Gn I lJn-2lWo — Jn-2lU!o 


where i~ = [A] with F ;= n —2£ — 1. As introduced in Section I?!T1 we 
may write l/(£) = F"“^^ and view (V)^), q) as a non-degenerate subspace 
of (14 q) under the natural embedding. Hence the group 
can also be identihed as Isom(l/(^) n WQ,q)°. Write Wi- := fl Wq 
so that (hF[-, q) is an [“-dimensional non-degenerate subspace of (V, q). 
It follows that the dimension of its anisotropic kernel of the space 
(Wi-,q) is ho A 1, depending on the choice of wq- Note that (W-, q) is 
isometric to q) as introduced in Section [2731 Dehne r“ to be the 

Witt index of (hF(-, g), which equals r — £ort: — £ — 1, depending on 
^0 = ^0 “ 1 or = ho + 1) respectively. 

For further explicit calculation, we may take the representative Wq 
of the F-anisotropic vectors corresponding to the F-rational nilpotent 
orbits in the F-stable nilpotent orbit G®* as follows. The representa- 

five tco is an F-anisotropic vector in the space (F""^^, g), which dehnes 
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the character Under the action of the product x Gn-^ on 

the space in particular, on the set of F-anisotropic vectors 

Wq, we may choose, if £ < r, 

(2.14) Wo = + (-l)"+^^e_r 

for some k ^ , using the following lemma. 

Lemma 2.4. If the Witt index of{V(^i),q) is not zero, i.e. if i < r, then 
there exists an element g in Gn- 2 £(U) = Isom(V(f), g)°(F) such that 

g-Wo = e^ + 

for some k G . 


Proof. The proof is straightforward. We omit the details here. □ 

It is clear that if £ = r, then the subspace q) is F-anisotropic, 

and hence the choice of the F-anisotropic vector wq is not sensitive. 
The structure of is summarized in the following proposition. 

Proposition 2.5. For the partition^, let Op in (9®* 


p be determined by 
the F-anisotropic vector wo as in Lemma\2.4\ Then the classical group 
Hfj = Hp is defined by an 1 -dimensional non-degenerate subspace 
(Wi-,q) of (y,q) with a (Dq — 1)- dimensional F-anisotropic kernel if 
y-K, belongs to the Ge/f{I) x Gn-e-orbit of a nonzero vector in the F- 
anisotropic kernel iVo,q) of{V,q); and is defined by an l~-dimensional 
non-degenerate subspace {Wi-,q) of {V,q) with a (ho + 1)-dimensional 
F-anisotropic kernel ify-K, does not belong to the Ge/f{^) x Gn-p-orbit 
of any nonzero vector in the F-anisotropic kernel (Vq, q). 

Following the explicit discussions on pure inner forms of F-quasisplit 
classical groups in mi, it is easy to obtain the following proposition. 


Proposition 2.6. Let be an F-quasisplit classical group as intro¬ 
duced in Section \2.1l For any pure inner F-form Hm of there 
exist 


• a classical group Gn defined over F that is a pure inner form 
of an F-quasisplit classical group G*, and 

• a datum (p^. Op) for the Fourier coefficients for automorphic 
forms on G„(A), 

such that m = i~ and Hm = HfT. Moreover, the product Gn x Hm is 
a relevant pure inner form of the F-quasisplit G* x in the sense of 
the Gan-Gross-Prasad conjecture. 


We will recall the Gan-Gross-Prasad conjecture and related notions 
in Section [3l 
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3. On the Gan-Gross-Prasad conjecture 

We recall the Gan-Gross-Prasad conjecture from na for the cases 
considered in this paper. The local version of the Gan-Gross-Prasad 
conjecture was proved for p-adic local helds by Waldspurger and by 
Moeglin and Waldspurger in a series of papers (see m and |65], for 
instance) for orthogonal groups, while the archimedean case is still in 
progress. However, over the real number held R, for the rank-one spe¬ 
cial orthogonal groups (SO(n-|-l, 1), SO(n, 1)), a proof of the local Gan- 
Gross-Prasad conjecture is announced by Kobayashi and Speh for the 
tempered representations in [53]. For unitary groups, Beuzart-Plessis 
(0 and i) proves the conjecture for tempered local L-parameters over 
all local helds, and in [29], H. He proves the conjecture for discrete rep¬ 
resentations over R via a diherent approach. The extension to the 
generic local L-parameters was obtained by Gan and Ichino ([I9]). In 
the proof of the main conjecture fConjecture 16.6p . we need the local 
Gan-Gross-Prasad conjecture for generic local parameters at all local 
places as an input. In the process towards the proof of Conjecture 
16.61 we are able to prove the global Gan-Gross-Prasad conjecture (with 
one direction having an extra assumption). This will be explained in 
Sections 15.31 and 16.31 

3.1. Generic Arthur parameters. We consider generic local Arthur 
parameters for the classical groups considered in this paper. This has 
been extensively discussed in im and in [H3]. We recall the basics 
for the case of orthogonal groups, and refer to [19] for the case of 
unitary groups. Let G* = SO{V*,q*) be the special orthogonal group 
dehned by a non-degenerate, n-dimensional quadratic space (y*,q*) 
with n = [|], which is F-quasisplit. We recall that the generic global 
Arthur parameters for G* are of the form 

(3.1) 0 = (ti, 1) ffl ■ ■ ■ ffl (r^, 1) 

as in o. where Ti, • • • ,Tr are irreducible unitary cuspidal automor- 
phic representations of GLai(A),--- ,GLa^(A), respectively, with re¬ 
quired constraints to make 0 a global Arthur parameter of G*. As 
before, the set of generic global Arthur parameters of G* is denoted by 
<h 2 (G*). It is known that the global Arthur packet n<^(G*) associated 
to a generic global Arthur parameter 0 contains a generic member. We 
refer to [38l Theorem 3.3] for the detail. 

With the assumption of the Ramanujan conjecture for general linear 
groups, at each local place u of F, the localization 0i, of the generic 
global Arthur parameter 0 must be a tempered local L-parameter for 
G*(F)^). Hence with possible failure of the Ramanujan conjecture for 
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general linear groups, one has to figure out the possible structure of 
the localization of the generic global Arthur parameter <p. We recall 
from a work of Mceglin and Waldspurger ([65]) for special orthogonal 
groups and refer to [19] for the unitary group case. 

For each local place u of F, we denote by the local Weil group of 
Fy. The local Langlands group of F^,, which is denoted hj is equal 
to the local Weil-Deligne group. Hence the local Langlands group Cp^, 
as usual, may be taken to be Wp^ x SL 2 (C) or equivalently Wp^ x SU ( 2 ) 
if z/ is a finite local place, and to be the local Weil group Wp^ if z/ is 
an archimedean local place. The local L-parameters for G*^{Fy) are of 
the form 

(3.2) 0J, : Cp^ —)■ 

with the property that the restriction of (pu to the local Weil group 
Wf,, is Frobenius semisimple and trivial on an open subgroup of the 
inertia group Xp^ of F^, and the restriction to SL 2 (C) is algebraic. By 
the local Langlands conjecture for general linear groups ([56], [21] and 
[28]), the localization py at a local place z/ of F of a generic global 
Arthur parameter 0 is a local F-parameter, for which there exists a 
datum (F*, 0 ^ ,/3) with the following properties: 

(1) F* is a Levi subgroup of G*{F^) of the form 

LI = GL„, X • ■ ■ X GL„, X 

where GL„^, • • • , GL^^ and G* depend on the local place z/, 

(2) (j)^ is a local F-parameter of L* given by 

■.= pi ® ■ ■ ■ ® pt ® (t^o '■ 

where pj is a local tempered F-parameter of GL„^. for j = 
1, 2, • • • , f, and po is a local tempered F-parameter of G*jj, with 
dependence on the local place v, 

(3) P := (/9i, ■ ■ ■ , Pt) ^ R*, such that Pi > P 2 > ■ ■ ■ > Pt > 0, which 
is also dependent of the local place z/. 

With the given datum, following [65], which is expressed in terms of 
the parabolic induction, one can write 

P. = {Pi^\- fp) ®---®{Pt®\- t) ® 00 - 

Using the notation of [3], the set of such local F-parameters is denoted 
by <Fj[j^;^(G* (F,^)). Following [3] and also [65], the local F-packets can 
be formed for all local F-parameters py as displayed above, and are 
denoted by n 0 ^(G*). All the members in such local F-packets are 
irreducible and unitary. It is clear that the localization py of a generic 
global Arthur parameter 0 is a generic local F-parameter according 
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the definition in |65] since there exists a generic member in the local 
L-packet n 0 ^(G*). Hence, following [65], the local Gan-Gross-Prasad 
conjecture can be formulated for the localization (f)y of all generic global 
Arthur parameters (j) in <h 2 (G*), which will be discussed in the following 
section. 

3.2. On the local Gan-Gross-Prasad conjecture. The local Gan- 
Gross-Prasad conjecture was explicitly formulated in im for general 
classical groups. We discuss the case of orthogonal groups with details 
and refer the unitary group case to [13 and i, 0, and [19] for the 
details. 

Assume that in this section, F is a local field of characteristic zero. 
Recall that an F-quasisplit special orthogonal group G* = SO(y*,q*) 
and its pure inner F-forms G„ = 80(1/, q) share the same L-group . 
As explained in m Section 7], if the dimension n = dirnld = dirnld* 
is odd, one may take Sp„_i(C) to be the L-group ^G*, and if the 
dimension n = dim V = dim V* is even, one may take On(C) to be '^G* 
when disc(17*) is not a square in F^ and take SOn(C) to be '^G* when 
disc(17*) is a square in F^. 

For a relevant pair G„ = 80(1/, g) and = SO(lF,g), and an 
F-quasisplit relevant pair G* = 80(1/*, g*) and = SO(hF*,g*) 
as recalled in Section | 2 . 1 | from mi, we are going to discuss the local 
Langlands parameters for the group G* x and its relevant pure 
inner F-form Gn x Hm- As in Section 13.11 we use Cp to denote the 
local Langlands group associated to F. We only consider the local 
Langlands parameters that satisfy the three properties in Section 13.11 

(3.3) 0 : 

Hence they are the localization of the generic global Arthur parameters 
for the product of the F-quasisplit relevant pair G* and H^. The set 
of such local Langlands parameters is denoted by $unit(G* x H^). As 
in Section 13.11 each local L-parameter 0 in *hW^(G* x H^) defines 
a local L-packet n^(G* x H^). For any relevant pure inner F-form 
G„ X if a parameter 0 e <hunit(G; x H^) is Gn X Fm-relevant, it 
defines a local L-packet n 0 (G„ x F^), as in Section IXTl following [5] 
and [65]. If a parameter 0 G <I>j(j^;^(G* x H^) is not G„ x F^-relevant, 
the corresponding local L-packet n 0 (G„ x Hm) is defined to be the 
empty set. The local Vogan packet for a local Langlands parameter 
4> belonging to <I>lit(G; x is defined to be the union of the local 
L-packets n^(G„ x Hm) over all pure inner F-forms Gn x Hm of the 
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F-quasisplit group G* x and is denoted by 

(3.4) n*K X n:n]- 

In order to state the local Gan-Gross-Prasad conjecture and relevant 
progress, we have to introduce the local analogue of the Fourier coef- 
hcients as introduced in Section 12.31 which is usually called the local 
Bessel models. For a given relevant pair {Gn,Hm), take a partition of 
the form: = l(2£ + where 2£ + 1 = dim W-^- = n — m. The 

F-stable nilpotent orbit (P®* corresponding to the partition ^ dehnes a 
unipotent subgroup and a generic character - 00 ^ associated to any 
F-rational orbit in the F-stable orbit O^. According to the dis¬ 
cussion in Section 12.41 there is an F-rational orbit Og in the F-stable 
orbit O^, such that the subgroup Hm = Hf- normalizes the unipotent 
subgroup Vp^ and stabilizes the character ijjoi- We dehne the following 
subgroup of Gn'- 

Ro, := = Hfj X 

Let TT be an irreducible admissible representation of Gn{F) and a be an 
irreducible admissible representation of Hm{F). The local functionals 
we considered belong to the following Hom-space 

(3.5) IlomRp^(F)(7r (g) a,'0c>J- 

This is usually called the space of local Bessel functionals. The unique¬ 
ness of local Bessel functionals asserts that 

dimHomR^^(i7)(7r(g) a,'0cij < 1- 

This was proved in 0 . m, la. and |l3]. The stronger version in 
terms of local Vogan packets for more general classical groups is given 
as follows. 

Conjecture 3.1. Let G* and be a relevant pair of F-quasisplit 
classical groups. For a given local L-parameter 0 in *hunit(G* x Hff), 
the following identity holds: 

(3.6) dimIlomijQ^(i;’)(7r(8) a, = 1. 

The known cases of Gonjecture 13.11 can be summarized as follows. 

Theorem 3.2. Conjecture \3.1\ holds for the following cases: 

( 1 ) the relevant orthogonal group pair G* and over a p-adic 
local field F, by Mceglin and Waldspurger in [65] for generic 
local L-parameters; 
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(2) the relevant unitary group pair G* and over a p-adic local 
field F or over the real number field M, by Beuzart-Pies sis in 
[8] and [9] for tempered local L-parameters; and 

(3) the relevant unitary group pair G* and over a p-adic local 
field F, extended by Gan and Ichino in [19] to generic local 
L-parameters. 

We remark that over the real number held M, H. He proves in [21] 
the local Gan-Gross-Prasad conjecture for discrete representations via 
a different approach; and Kobayashi and Speh prove it in [53] for the 
tempered representations when {G,H) is (SO(n + 1,1), SO(n, 1)), a 
pair of the rank-one special orthogonal groups (SO(n-|- 1,1)) SO(n, 1)). 

4. Bessel Periods and Global Zeta Integrals 

4.1. Global zeta integrals. The global zeta integrals that we are 
going to study are dehned for the following three families of classical 
groups: 

(1) Gb = S 02 fe+i(V, q) and He = S 02 c(Hd q), such that the product 
Gb X He is a relevant pure inner form of an F-quasisplit Gl x H* 
over F. 

(2) Gb = S 02 fe(V, q) and He = S 02 c+i(IP, q)-, such that the product 
Gb X He is a relevant pure inner form of an F-quasisplit Gl x H* 
over F. 

(3) Gb = U[,(l/, q) and He = Uc(iy, q) with b and c being of different 
parity and b = [|] and c = [|], such that the product Gb x He 
is a relevant pure inner form of an F-quasisplit Gl x H*. 

In the following, we use the notation that G* = Isom(I/, q)° and Hu = 
Isom(IP, g)°, such that G* x Hu is a relevant pure inner form of an 
F-quasisplit G* x 

We note that the global zeta integrals considered in this paper extend 
what were studied for F-quasisplit groups by the authors in [H], which 
generalizes the work of Ginzburg, Piatetski-Shapiro and Rallis in [24] . 
In order to formulate the families of global zeta integrals, we take r to 
be an irreducible unitary automorphic representation of Ge/f{.o){Kf) 
of the following isobaric type: 

(4.1) r = Ti ffl r2 ffl ■ ■ ■ ffl Tr, 

where r* e Acnsp{G e/F{ ai)), Z)i=i = «) and r* ^ Tj if i ^ j. For the 
discussion of global zeta integrals in this section, we may only assume 
that r is generic. This means that some r* and Tj could be equivalent. 
Take H^ = Isom(IF, g)° with dimlF = m and m = [^j. Let a be an 
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irreducible automorphic representation of Note that we may 

not assume the cuspidality of a in this section. 

Let Ma = Ge/f{o) x Hm be an F-Levi subgroup of Ha+m, so that 
Pa = is a standard parabolic F-subgroup of Ha+m- Follow¬ 
ing from Section 1.1.4 in [6l], we denote to be the group of 

continuous homomorphisms of Ma(A) into which are trivial on 
Fl^gHom(Ma,Gm) ^er |x|. Since the parabolic subgroup Fa is max¬ 
imal, the C-vector space is one-dimensional. As in Section 2.2 
in IH], for any s G C, we dehne that Xs{m,h) := |detm|^^ for 
(m, h) G Ge/f{cl){^) X Ffm(A). It is clear that G X^a- For any 

(4.2) (j) = 0i-(g)o- G Al(Fa(A)Ma(F)\iLa_|_m(A))T-^CT- 
we form the associated Eisenstein series to be 

(4.3) E{h,(f),s) = E{h,(()r^a,s) = ^ Xs(f){6g). 

5ePa{F)\Ha+m{F) 

Note that the character is normalized as in |68]. The theory of 
Langlands on Eisenstein series ([55] and [M]) shows that F(h,0, s) 
converges absolutely for Re(s) large, has meromorphic continuation to 
the complex plane C, and dehnes an automorphic form on 
when s is not a pole. 

Take a family of Fa+m-relevant partitions ^ = [{2£ + i)im+ 2 a- 2 £-ij 
of type (m -|- 2a, F*^^), with i < a + where x^ ■= t(Fm) is the 
F-rank of and is the Witt index of m-dimensional non-degenerate 
space (IF, q) that dehnes F^. We dehne the Bessel-Fourier coefficient 
of the Eisenstein series E{h, 0, s) on Fa+m(A): 

(4.4) F^^-o(F(-,0,s))(h):= [ E{nh,cj),s)^P^l^{n)dn, 

JNe(F)\Ne(A) 

where the unipotent subgroup of Ha+m determined by the partition 
is similar to the unipotent subgroup Vg of considered in Sec¬ 
tion I2.3I We use in this section in order to match the notation used 
in [H], since we have to recall from there some technical computations 
of the global zeta integrals. 

As in Lemma I2.4I one may choose the representative wq that dehnes 
the character Fourier coefficient, as in fl2.14l) : 

(4.5) wo = y^ = ea+r„ + (-l)’"+^^e_(a+,„) 

for some k G F^. Following Proposition 12.61 we have that m~ = [^] 
and m~ := 2a + m — 2£ — 1 and i < a + tm, and that the stabilizer 
and the subgroup Hm form a relevant pair in the sense of the Gan- 
Gross-Prasad conjecture (see Section [3]). Of course, when £ = a + r^. 
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the representative wq is any F-anisotropic vector in the F-anisotropic 
kernel {Wq, q) of (hh, q). It is clear that the pair Hm) is relevant 

in this case. Note that in this case, we must have 

m“ = 2a + m — 2^ — 1 = ho(W^) “ 1, 

and the group is F-anisotropic. 

As in [H] we dehne the following semi-direct product of subgroups: 

(4.6) := G2- X N,. 

For an automorphic form (^ 2 a+m on Ha+m {^), ami an automorphic form 
on we define the Bessel period by 

(4.7) 

■- f U”''”" (V'2«+b.) (s) ^9- 

Jg^o (ir)\G“0 (A) 

It is absolutely convergent if one of the automorphic forms (^ 2 a+m and 
(fm- is cuspidal. In fact, following [Ml Chapter 2], the Fourier coeffi¬ 
cients of an automorphic form with moderate growth is still of moderate 
growth on the stabilizer of the character that dehnes the Fourier coef- 
hcients. Moreover, if an automorphic form is rapidly decreasing on a 
Siegel set, then its Bessel-Fourier coefficient is also rapidly decreasing 
on a Siegel set of the stabilizer of the character that dehnes the Bessel- 
Fourier coefficient. We refer to [25l Lemma 10.1], [6l Lemma 2.1] and 
[7] (and also [Ml Proposition 2.1]) for details. Otherwise, some regu¬ 
larization may be needed to dehne this integral in fl4.7p . We dehne the 
L^-inner product of automorphic functions (pi and (p 2 over G^_ (A) by 

(4.8) := / (pi{x)lp 2 {x) dx 

(F)\G“o (A) 

m m 

assuming it converges, where '(p{x) = (f{x) dehnes the complex conju¬ 
gation of the function (p. 

For 71 e Acusp{G^_), the global zeta integral Z{s, '<Pi,wq), as 

in (2.17) of [M], is dehned by the following Bessel period: 

(4.9) Z{s, (p^, 4>r®a, i^e,wo) ■= s), 

where the Bessel period is written in our convention in this paper by 
means of the L^-inner product as follows: 

m~ 

As given in Proposition 2.1 of [M], >21(5, too) converges ab¬ 

solutely and hence is holomorphic at s where the Eisenstein series 
F(h, 0, s) has no poles. 
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4.2. Calculation of Fourier coefficients of Eisenstein series. We 

first extend Proposition 3.3 in [H] to the general case considered in this 
section. This is to calcnlate the Fonrier coefficient of the Eisenstein 
series as defined in fl4.4p . Since the calcnlation is very similar to that 
in the proof of [HJ Proposition 3.3], we will not repeat every detail 
from there, bnt point ont the key steps in the proof. 

Under the assnmption that Re(s) is large, we nnfold the Eisen¬ 
stein series, which leads ns to consider the donble coset decomposi¬ 
tion P^\Ha+mlPt This decomposition corresponds to the donble coset 
decomposition Wa\Wp/^/Wi. Here is the Weyl gronp of Ha+m rel¬ 
ative to F, which is generated by the simple reflections for a G pA. 
Similarly, H4 is the snbgronp of W^a generated by the simple reflec¬ 
tions Sa for a G fA \ {oa}, so is W^. 

We discuss the group Ha+m in the following four cases: 

(1) If Ha+m is the quasi-split even unitary group (i.e. m = 2rm and 
P = -^(V?)), then WpA = W{Ca+xrr,)] 

(2) If Ha+m is a unitary group, but not a quasi-split even unitary 

group (i.e. < m and E = F(v^)), then W^a = W{Ba+rJ] 

(3) If Ha+m is the split even special orthogonal group (i.e. m = 2rm 
and E = F), then W^a = W{Da+,J] 

(4) If Ha+m is a special orthogonal group but not a split even special 
orthogonal group (i.e. 2rm < tn and E = F), then W^a = 
W{Ba+,J. 

Here W (dfa+j^) is the Weyl group of the split classical group of type X 
with rank a -|- Following from [HI Section 3.1], we put the double 
coset decomposition Wa\WpA/^i into three cases for discussions, i.e. 
Case (1-1), Case (2-1) and Case (2-2). Both Case (2-1) and Case 
(2-2) in im Section 3.1] are only for the split even special orthogonal 
groups. The result that we are to prove here has already been proved 
in [H]. Hence, we assume that Ha+m is not the split even special 
orthogonal group, which is Case (1-1) in [HI Section 3.1]. We extend 
below the proof for Case (1-1) in [441 Section 3.1] to the current 
general case considered in this section. 

In this situation, the double coset decomposition Pa\Ha+m/Pi is in 
bijection parameterized by the set of pairs of nonnegative integers 

^a,e = {(«) /9) I 0 < a < /3 < a and a<£ + l3 — a<a + 

The representatives Ca^g are chosen as in [2S]. Let Afg/^wo be the set 
of representatives of PP^{F)\P^{F )/where the group Rf° is 
defined as in fl4.6p . and PP^{F) := eQ^Pafo,/? Fl Pi{F). Set 

(4.10) W^- = SpanE{e±(£+i), e+^i+2 ),..., e±(£+p} 
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for 1 < i < a+r^—which are totally isotropic subspaces of (hhm+ 2 a, <?)• 
Following the same argument in |3H Lemmas 3.1 and 3.2], we can prove 
that Proposition 3.3 in [33] also holds for the more general cases in this 
paper that Ha+m may not be F-quasisplit. 


Proposition 4.1. ForRe(s) large, the Bessel-Fourier coefficient of the 
Eisenstein series as in (I4.4p . s)){h), is equal to 


VVV / / Xcf){egr]6unh)'ip^l^{un) dudn, 

ep n 5 JN^W\Ne(A)JN^{F)\N^{A) 


where Nf = N^nr] and := G'f^_ fl 7 and the sum¬ 

mations are over the following representatives: 

• e /3 = eo ,/3 G which is the subset of ^a,i consisting of ele¬ 
ments with a = 0; 

• Tj = diag(e, 7 , e*) belongs toAf^^i^,,,^, which is the subset ofMg^i^w^, 


consisting of elements with a = 0, e 


n-t 


and t = 


a — 13, and has the property that if (3 > max {a — i,0}, then 
7^0 ^s orthogonal to Wff^^ for e Pf{F)\Ha+m-e{E)/G^_{F) 
with Pf = Gff_ n eg ^Paeo,/ 3 ; and 
. <5 belongs to Gl.{F)\GZ{F). 


4.3. Euler product decomposition. Next, we apply the expression 
in Proposition 14.11 to the further calculation of the global zeta integral 
04.91) and have 

(4.11) 




WQJ 


E 




Fn{h) 


\(j){egr]unh)'iljf^ {un) du dn dh, 


where the summation over eg and 7 is a hnite sum and the integra¬ 
tion J is over Nf{K)\Ni{h). Similar to [331 Lemma 3.4], for each 
r] = diag(e, 7 , e), if the stabilizer G^_ is a proper maximal P-parabolic 
subgroup of G^_, then the summand over such 7 vanishes due to the 
cuspidality of 73 ^. 

To precede the calculation, we need to study the double coset decom¬ 
position Pf\F[a+m-e/G'ff. and extend the calculation in [331 Section 
3.2] to the current setting. With the choice of the wq, it is easy to see 
that the group Ha+m-e. has its P-rank no less than one. We may apply 
[25l Proposition 4.4] to the current situation. 
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Anyway, similar to Proposition 3.6 in |11], we still obtain the follow¬ 
ing expression for the global zeta integrals, which have two different 
forms according to the two cases: a < i and a > i. 

If a < £, we must have that /3 = 0, rj = diag{e,e*} with e = 
(//'■“) and 




(4.12) 


m m 

[ 

'[N^] 


iPn{h) 




X(j){eQ^I 3 riunh)'ijj^ (un) du dn dh. 


where [N^] = N^{F)\N^{A). 

If a > £, we must have that (3 = a — i, rj = diag{A, 70 , A} and 




’G"’ _ (E)\G“'°_ ( 


ip^{h) 


lN^{A)\Ne{A) 


(4.13) 


'm 


\(f){eo^priunh)'il)^ (un) dw dn dh. 


where 70 is a representative in the open double coset of 

PiiF)\Ha+^.,{F)/GZ{F), 


with the property that yotco is not orthogonal to 

In order to continue the calculation, we have to recall the relevant 
calculations in |13] with replacement of notation used here. Section 14.41 
will deal with the case of a > £ and hence is to work with the integral 
in fl4.13p . Section 14751 will deal with the case of a < £ and hence is to 
work with the integral in fl4.12p . 


4.4. Case a > i. We are studying the integral in fl4.13p . For conve¬ 
nience, we recall the the open coset with (3 = a — i in Equation 
(4.14) in [25] . 


(4.14) 


eo,/3 - w 


/o 

0 

0 

le 

VO 


la—i 

0 

0 

0 

0 


0 

0 

/m 

0 

0 


0 

0 

0 

0 

la-l 


o\ 

h 

0 

0 

oy 


Note that w„ = /, 


m+ 2 a if E = E(y^); Wq = -/m+ 2 a H E = F and m is 
odd; Wq = diag{Fi+a-i,w'^g,Iii+a-i} with = diag{l, -1} ii E = F, 
m is even and Ha+m is not split; and Wg = diag{A„+„_i, A„+a-i} 
with = (^ ^) if m = 2rm, E = F, and Fla+m is split. 
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Similar to Section 3.3 of it is easy to calculate that consists 
of elements of the form 


/c 0 




0 


In- 


a—£ 


0 


fm— 2 rrt 


Vg 


l-a-l 


0 0 \ 

0 

2/6 

0 

0 

hr. 0 

cV 


eiv, 


where c G Z^. By the conjugate of eo,/ 3 i 7 , the stabilizer {eo^pri)N^{eo^isr]) ^ 
in Pa consists of elements of the form 


/ la-e 2/6 
c* 

V 


\ 


/m 

C 2/6 
la-ej 


It is also considered as a subgroup of Ge/f{.o), and is denoted by 
The hrst inner integral over [N"^] in 04.131) is a Fourier coefficient 
taken on the subgroup Ge/f{.o) of the Levi Ma, and is equal to 


:= f \(t){z'h)%lJz>^^{z')dz', 

where Z[ = Nj and z' = {^ ^), and zl is the embedded element in 

Ha+m and the character is given by 

Hi 

hz'^,Kiz') ■= V’(( —1)"’’^^ 2 ^'^’'®+! ^13+1,13+2 + • • • + Za-l,a)- 

The integration over N^{A)\N£{A) in 04.13|) is already adelic. We 
simply denote it by (as in (3.34)]) 

(4.15) <F(h) := /" (pl^^’^{eo,0vnh)i/j£^l^in)dn. 

JN^{A)\NeiA) 

Therefore, we may write the global zeta integral in 04.13P as 


(4.16) Z{s,4>r^r7,^n,h£,wo) = / dk. 

JG^ {F)\G'^° (A) 

m m 

Next, we need to unfold the integral over G^_{F)\G'I^_{A) in (I4.13p 
and in fl4.16p . Similar to the decomposition (3.33) in |11], we also have 
the decomposition 
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where is defined in (| 4.1U |), W^a) = and Vs-i,,, 

is the unipotent radical of the stabilizer as described on Page 573 

of [g. 

More precisely, in Proposition 14.11 take rj = and then 

consists of the elements of the form 


(4.17) 




di 

1 


U Vi 
0 0 
4 0 
1 


V 


v[ 

u' 

d[ 

4-1 


\ 


7] 


hJ 


with di + (—= 0, where di and vi are column vectors of 
dimension /3 — 1. Let be the maximal unipotent subgroup of 

G'E/E(kPrt+a-i,/3-i)’ Consisting of elements of following type: 


T] ^ ■ diag{Ie,d,I^+ 2 ,d*,Ii} ■ r] 


with d E ZjS-i- 

Write N^i 3 _i ■= It is a unipotent subgroup of G^_ as¬ 

sociated to the nilpotent orbit with partition [(2(a —£ —Fix¬ 
ing the anisotropic vector ?/_k that defines the character of N '^we 
deduce that the corresponding stabilizer in is Isom(r 7 “^hF(a), g)°. 
Hence Isom(r 7 “^hF(a), g)° = The elements of have the 

form 


(4.18) 


/d di 
1 


(C0,/31?) ^ 


V 


0 n 0 Ui 



n\ 

v[ 

0 

u' 

0 


(co,/3h), 


d[ 

d*J 


where d E Remark that Z^ is the set of all matrices of the 

form fl4.18p with all entries 0 except d. Denote (resp. to 

be the subgroup of N^p_i consisting of all matrices in fl4.18p with all 
entries 0 except d and di (resp. with d = 4_i and di =0). Then 

Similar to [HI Page 575], we have the following isomorphism 
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where is a subgroup of and is the mirabolic subgroup of 
Ge/f{(3) containing Continuing with the global zeta integral as 

displayed in (I4.16p . we obtain that the global zeta integral Z{s,-) is 
equal to 

(4.20) f ^{h) [ (p7r(ch) dcdh. 

JPl{F)HUF)Cp_^^^{K)\G'^^_ (A) 

This is the integral similar to that displayed in (3.36) of |11]. We note 
that there is a typo in the integration domain in Equation (3.36) of 
[H], and the integral in fl4.20p gives the correct version. 

Following closely the argument in |31], we apply the Fourier expan¬ 
sion on along the mirabolic subgroup repeatedly and obtain the 
same expansion as that displayed in Equation (3.38) in |31]. Plug¬ 
ging so obtained expansion into fl4.20p and combining the integrals, we 
obtain 


Zi^S^ (j)r’S>a-y 




^{h)P' 




((p^)(h) dh, 


where ((p.^-) is the {a — i — l)-th Bessel coefficient with respect 

to cis defined in fl2.7l) . by 


(4.21) = 




dn. 


Since ((p^) is left ^_^)-equivariant, Z(s,-) is equal 

to (see [m (3.40)]) 

(4.22) 


I Hy,{F)Nl^_^{A)\G2°_{A.) 


P 




((p^)(h) / ^{zh)i)p_^y_^{z)dzdh. 


[•^/3,75 


' Z' K 

Let us focus on the inner integral over [Zp^^]. By the dehnition of 0^ , 

we may combine the two integrals over [Zp^y] and As a subgroup 
of Pa, {eQ^pvi)NjZp^ri{eQ^i 3 Vi)~^ consists of elements of the form 

(d di (i/6)(^* \ 

1 

c* 

dm 

^ (ye)*,/? (ye)*,* 

1 d[ 

V ^ J 
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where the notation is the same as in [IH (3.42)]. It follows that 
— Za, where Za is the maximal upper-triangular unipotent 
subgroup of Ge/f{.Oj), which is regarded canonically as a subgroup of 
Pa- Combining the integrals over [Zj^^,^] and we have 

(4.23) 0^“’'"(h) := [ X(j){zh)iJZaA^) dz, 

J[Za] 

where the character i’ZaA^) given by 

(4.24) '0(—^1,2 —• • •~^/3-l,/3 + (~l)'^''"^—^/3,/3-|-l+^^+l,/3+2 + ' ' • + ^a-l,a) 

with (3 = a — I, which is a non-degenerate character of Za- 

For Re(s) sufficiently large, the integrals we considered here are ab¬ 
solutely convergent, which allow us to switch the integrals. After com¬ 
bining the integrals [Zj^^rj] and [A^j and by fl4.15|) . similar to |1H (3.41)], 
we obtain that 

/ ^{zh)'ilj^\y_^{z)dz= A‘^’'^{neo,fir]hA{<n+a+e,a-e){n)dn 

PZfiJ ’ JUa,r,{A) 

(4.25) 


Here Ua ^ consists of matrices of the form 


(4.26) 


h 

X 2 


Xi X3 

V A 


\ 


A 

X2 h 

la-lj 


which is a section for the domain of integration, NA^ii under the 
adjoint action of eo^pt]- The character 'ilj(m+a+i,a-i) of U~y is given by 


'4^{m+a+i,a—£)(A) '4^ Am+a+i,a—£) 


where nm+a+e,a-e = (xi)e,a-e- 

Note that the adelic integration over U~y in 04.251) converges ab¬ 
solutely due to the same reason as that of the quasi-split orthogonal 
group case considered in Appendix II to §5 of [21], and also that in 
[69] and HU Theorem 3.1], for instance. Another way to conhrm the 
absolute convergence is that after taking the absolute value of the inte¬ 
grand, the integral is the product of local intertwining operators, which 
converges absolutely for Re(s) sufficiently large. 

From 04.251) . the integral A£(A)-quasi-equivariant. More 

precisely, for u G ^^(A), we have 
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We conclude the following formula for the global zeta integral: 

(4.27) 

Z(^S^ 0ti8i(T) '4^1,wo'} 

-^«?,^i_i(A)\G“0_(A) JlH^] 

with [H^] := as defined in (I4.19p . This is the formula 

of the global zeta integrals that we want to write it as an Euler product 
of local zeta integrals. In order to do so, we have to understand the 
representation nature of the integrands. 

Fixing the element h, consider j7£,K(0^“’'‘)(eo,/3i7xh) as a function of 
X under the right translation of eo^fBrjh, that is, 

(4.28) ■ 0^“’'")(eo,/3i7a:(eo,/3r7)”^). 

Note that x is in (F). Since a > i, G^_ contains as a algebraic 
subgroup. If we vary x in under the conjugation of eo ,/3 as given in 
fl4.14p . the function in 04.281) is an automorphic form in the space cr"'?. 
Recall that the adjoint action of Wg on a is trivial except when is 
an even special orthogonal group. In this case, det(tCq) = —1 and the 
adjoint action of Wg is the non-trivial action of 0(Wdn, q)/Hm on a. In 
other words, Wg restricted to 0{Wm,q) is a choice of £ as dehned in 
Page [m For simplicity, denote 

(4.29) a' := a<. 

We note that if Hm is an even special orthogonal group and i is odd, 
then {cr, cr"''’} is an 0(G)-orbit of a as discussed in Page fT6l 

Next, we apply the local uniqueness of Bessel models to show that 
the global zeta integral fl4.27p can be written as an Euler product when 
the functions (p,r and (pr^a are factorizable. 

Recall that (pr^a in 04.2p is an automorphic function (dehned as in 
[nil 1.2.17]) 

(Pr^^: f/a(A)Ma(F)\F„+^(A) ^ C 

such that for hxed g G 77^+^(A), the function x ha 5p^{x)~^(pr(^^{xg), 
X G M^{A), belongs to the space of r <8) a, where Sp^ is the mod¬ 
ular character of Pa- Alternatively, the smooth section Xs(pT®a can 
be understood as a function in the normalized parabolic induction 
Indp“^’^^^^Asr (8) a. For convenience, we may consider the smooth 
section <pr^a as a function on Ha+m x Ma and rewrite it as for each 
g ^ 77(j+m(A) 

(4.30) 


{g; (m, h)) (pr^a{g; (m, h)) G r 0 a. 
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And write (f>T^aig) as shorthand for where / is identity in 

Ma. 

The integral fl4.23p dehnes the ^-Whittaker model of r, which 
is denoted by 'Wa,Kij)- Then the function x ha lies in the 

space of Wq,«;('?■) 0 cr for all g G Ha+mi.-^), and hence we may choose it 
to be of the form: 

(4.31) = Wr,g{h)(j)^,g{h2), 

where x = (hi,/i 2 ) G Ma(A) = G'E/,p(a)(A) x hfm(A), Wr,g G >Va,K(r) 
and (j)cr,g G O'. Although it is not indicated in our notation, the function 
(f)^°-'^{g]x) contains the complex variable s by fl4.23l) . Also note that 
for (h'^, h' 2 ) G Ma{A) and u G f/a(A) (the unipotent radical of Pa) 

h'2)ug] (hi, ^ 2 )) = Wr,g{hih'.^)(t)r,g{h2h'2). 

If one chooses a factorizable automorphic form 0r(gi(T = 
then (j)^°-'^{xg) is factorizable by the local uniqueness of the Whittaker 
models and may be written as, for hxed g G Ha+rn{A), 

(4.32) (hi,h2) HA Y\_^'r,9,i'i^l,i^)^fT,g,u{h2^u)- 

V 

In order to get an Euler product of the inner integral in fl4.27p . we 
need the local uniqueness of the Bessel models. 

First, according to 04.211) . ((p^) produces a smooth function 

on Hm{F)\Hm{A), which is of rapid decay. Plugging of form 

04.3ip into 04.28p . as discussed below 04.28p . we have 

(4.33) 

JrA(0^“’")(eo,/3ha^h) = j£,^(0^“’")(eo,/3i/h; wj • a; • (wj)"^) =: ^( 2 ^) 

where y^{x) lies in the space of a' as dehned in 04.291) . Hence, for 
hxed h, the inner integration in 04.27P can be written as 

J[H1] 

' ' Hm 

where P(-) is the right translation on the function and the inner 
product is the canonical L^-inner product on Hm{F)\Hm{A), 

i.e., 

(4.34) 

\ ' Hm JlHZ] 
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It follows that the inner product (I4.34p introduces a local bilinear 
form at each place v in the following Hom-space 


(4.35) ^-1 (vr^) ® C), 

where ,/,-i (tTj,) is the local Jaconet module of iiy with respect 

to More precisely, the Hom-space fl4.35p consists 

of bilinear forms satisfying the following property: for all vectors 
e Tiy and Va'^ G cx^, and all x G Hm{Fy,) and u G 

(4.36) b^{7r^{ux)v^^,al{x)v^>J = 

For the chosen the factorizable vectors (pr^a, since fl4.25p is an adelic 
integral, by fl4.32l) . we have 


J,A<P"'‘")(.9) = n XA<PrS.M9^) 

V 

I I / 0T(g)cr,j/(lIi^I7i^)’0(m-|-a-|-f,a—r) (llj/) d?7.j/ 

y '^Ua,j){Fv) 

(4.37) =:®y(j)'„,^g^y{x). 

Take any factorizable vectors = <^y(pny G vr and 0o-' = ®u<Pa'^ G 
a'. By the uniqueness of local Bessel models, the global inner period 
integral (I4.5np is proportional to the product of local Bessel functionals: 

(4.38) 


Remark that ttjr.o-' is a constant determined by the representations vr 
and ex', but independent of choices of and 0o-'. 

Hence, for factorizable functions tpr and 0T(g)t7, plugging fl4.37p and 
fl4.38p into fl4.27p . we can write the global zeta integral fl4.27p as an 
Euler product: 


.Z(s, 0 t(S)CT! I/’£,10o) 

0!-n,(7' / byi^R{hy) ■ 4^0',h,u) 

V 

(4.39) .Oi^u' Zy^S^ V^TT) '4^i,wo') 

V 

where the domain of the integration is ^_j^(Fy)\G'4^_(Fy). We 
take fl4.39p as the dehnition of the the local zeta integral Zy(s, •), and 
summarize the above long discussion in the following theorem. 


Theorem 4.2 (a > £). Let E{(j)r^„,s) be the Eisenstein series on 
Hm+a{^) U'S in fl4.3p and let vr belong to Mcusp(G'm-)- Assume that 
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(1) the automorphic forms ipit and are compatibly factorizable 
as discussed above; and 

(2) the relevant local Bessel functionals are suitably normalized at 
all unramified local places, so that the Euler product in fl4.38p 
makes sense. 

Then the global zeta integral Z{s,(f)r^a,TTr,'fe,wo) converges absolutely 
when Re(s) is large, and can he written as an Euler product 

u 

where the local zeta integral Z,y{s, fr^gyay Tiry'f’i^wo) is defined in fl4.39p . 


4.5. Case a < i. We are studying the global zeta integral as given in 
fl4.12p . In principle, it is similar to the case of a > £. We follow the 
discussion in Section 3.4 in |13] to give necessary steps in order to show 
that the global zeta integral can be factorized as an Euler product of 
local zeta integrals. 

First, we have 


Nf= I 


< 

(c 0 

0 

0 

o\ 



h 

2/4 

2:4 

0 


< 


Im+2a-2i 

2/4 

0 

: c G Zay h G Zi_a 




b* 

0 


< 

\ 



c*j 

> 


Write 


^al—a 



0 

0 

0 

0 



b ?/4 Zi 0 


< 

Im+2a-2e 2/4 0 

: b G Z£_a 


b* 0 



\ 

> 


c Nf_, 


t—a' 


Denote 'ilJm,e-a-,y,, to be the restriction to the subgroup Na/-a of the 
character By the decomposition Nf = ZaNa/-ay the inner inte¬ 

gration over [Nf] in fl4.12p can be written as 


(4.40) / X(j){eoflr]nh)fi^ ^ (u) du = ) (eo,oi?h), 

where 

J[Za] 

Note that in this case 


'fZa,K{.z) — + 2 : 2,3 + • • • + Za-l^a)y 
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and defincs a Bessel-Fourier coefficient of a. After changing 

variables, we obtain 

(4.41) 

0T(8)f7: 

= f [ dhdn. 

7v;'(a)\a^(a) V[g“o_] 

It is clear that the inner integration in the variable h in (I4.4ip gives a 
Bessel period for the pair (a, vr). By the nniqneness of the local Bessel 
models, this Bessel period may be written as an Euler product of local 
Bessel functionals for factorizable input data. 

We note that the integral fl4.4ip is absolutely convergent for Re(s) 
sufficient larger. The inner integration over converges absolutely 

because of rapid decay of the cuspidal automorphic form The outer 
integration over the quotient {A)\Ni{A) converges absolutely due to 
the reason that explained for 04.251) . 

For convenience, we write down explicitly the quotient N^\N£ and 
the restriction of The quotient N^\Ni is isomorphic to the sub¬ 

group consisting of elements 


fla Xi 

X2 xz a;4\ 

h-a 

^3 


Im+2a—2l ^2 


A—a 

V 

la) 


The restriction of is 

Similar to Case a > £, we will obtain an Euler product of the global 
zeta integral Z{s,-) in this case. Let us choose a factorizable func¬ 
tion 0 t(8)o- and then is of form fl4.31l) and fl4.32|) . Plugging into 
fl4.40p . one obtains that produces a smooth function 

on of moderate growth as 0r(g)o- is of moderate growth. 

In this case, the arisen local bilinear form over each local place 
u satishes the following quasi-invariant property: for u G N'^{Fy), x G 
W. e and G 

Hence by belongs to the following Hom-space 
(4.42) Hom^i^o )(J7 )y'! ^-1 (<Tiy) <8 tTj,, C). 

Here the notation is the same as in fl4.35l) . 
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For factorizable vectors (p^ = G o' and if-jr = G tt, by the 

uniqueness of local Bessel models fl4.42p . we obtain an Euler product 


(4.43) 




G“ 


Pit, a 


Similar to a 7 r,cr, the constant /3.,r,cr is uniquely determined by vr and a, 
but independent with the choice of vectors and (p^- 
Similar to fl4.33l) . define 


For factorizable functions 93 ^ and (pT®a as in fl4.32p . we may dehne the 
local zeta integral by 


(4.44) '^^'('^5 0r[8)(T: 

Then we arrive with 



(F,)\7V^(F,) 




Theorem 4.3 {a < i). Under the same conditions in Theorem \4-2^ the 
global zeta integral Z{s,(pr^a,g^n,'ipe,wo) converges absolutely for Re{s) 
large and can be written as an Euler product: 

Zfs^ (pT^ai h^-Ki (^n,a P^T^cry g^iry 

V 

where Z^{s,-) is defined in 04.441) and (3.„ „ is the constant given in 

(Ol. 

More detailed explanation on the notation can be found in Section 

3.4 [B]. 


4.6. A formula for global zeta integrals. We are now ready to 
derive a formula for the global zeta integrals. 

Note that the group Gfp_ from the construction in Section ITTI yields 
all the groups Gm- as listed in the beginning of this section. Hence 
there exists a datum such that Gfp_ is isomorphic to a given over 
F. From now on, we assume that f G Acusp(Gm-) and a G Acusp(-ffm) 
have generic global Arthur parameters, respectively. 

As in fl4.ll) , we have r = ti ffl r 2 ffl ■ ■ ■ ffl , which is an irreducible 
generic isobaric automorphic representation of Ge/f{cl){Af). We dehne 


(4.45) 


G(^S, Ti/y T^l/y Oy^ p) 


L{S + l,Ty X TTy) 

L{s +l,TyX ay)L{2S + 1, Ty, p) ’ 


where p = if Hm+a is an even orthogonal group; p = sym^ if Hm+a 
is an odd orthogonal group; p = As < 8 ) if Hm+a is a unitary group. 
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Some remarks on the local L-functions are in order. At archimedean 
local places or at unramified local places, the local L-functions in fl4.45p 
are well defined. The main concern here is at the ramified finite local 
places. Formally, one may take the G.C.D. of the ramified local zeta 
integrals as the definition or take the one from the normalization of the 
local intertwining operators from the Eisenstein series in the global zeta 
integrals. This of course needs the full theory of the local zeta integrals, 
which is not available at this moment for so general representations tt 
and a. On the other hand, since both tt and a are assumed to be 
cuspidal and to have generic global Arthur parameters ([31 Chapter 9] 
and [3D] ), we may follow 0 . isa and [30] to define the local L-functions 
in fl4.45p at ramified finite local places in terms of the local L-functions 
of the corresponding localization of the global Arthur parameters. We 
refer to [6T] for discussion with more general parameters when the 
groups are F-quasisplit. 

We note that only when is an even special orthogonal group, 
the twist representation cr^ (see 04.291) ) may not be equivalent to if 
Wg 7 ^ I. However, their corresponding local L-parameters are Om(C)- 
conjugate, since = SO^ is the complex dual group of Hm- It 

follows that £(s, Ti/, TTy, (Ti,; p) and the local L-functions L{s,Ty x a^,) 
are the same when the local factors of replaced by those of 

Recall that a' = in 04.291) when a > i, and also denote a' = a 
when a < i for notational consistence. Define the constant to be 
ctTT,a in 04.38P if a > £ and in 04.43P if a < £. The Euler products 
in Theorems 14.21 and 14.31 can be uniformly rewritten as 



(j^TiSicr'y Ltt) 


V 


Next, we state the result of unramified calculation for the local zeta 
integrals. The full detail of the computation in this generality has not 
been completely written and will be considered as our joint project with 
D. Soudry. Although many special cases have been treated in [23], [Hj, 
and mi, and a relevant idea to treat the general case was outlined by 
Soudry in mi, we state the well expected general computational result 
as a hypothesis for this paper. 

Hypothesis 4.4 (Unramified Computation). With all data being un¬ 
ramified, the local unramified zeta integral Zfis, ^n, 4’£,'wo) Is equal 
to 


(4.46) 


'^('5) A, TTjy, CTjy, 00-1^)) 
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if a > t; and equal to 

(4.47) £(s, vr^, cr^; 

if a < i, where and 99 ^^ are the spherical functions of -ny and Oy, 
respectively. 

Note that the local Bessel functionals and by^cfay^^irf) 

are independent of s. The normalization we considered on the local 
Bessel functionals at unramihed local places is to make them equal to 

1 . 

Let S' be a hnite set of places including all ramihed places and all 
archimedean places such that for i/ ^ S' all data are unramihed. Fol¬ 
lowing Theorem 14.41 


.Z(s, 0r(S)cr'; 'piTi 

CtTjCt Zyi^S^ 0t(S)ct') '4^£,wo') 

i^GS v^S 

•) 0r(S)(T' •) )'^ (^5 "^7 ^7 P) 

^ ifa>£ 

[b^(0^^,V9^J ifa<£, 


where •) = Y\y^s ')• Let us normalize the local zeta integral 
Zy{s, •) by 


(4.48) Zl{s,f) 

r®(7' 1 ¥’n,'ipe 

if a > £; and 


Zyi^S, 1 

Z{S,Ty, 71 y, CTy, p) b j/((^ 7 ^ 1 , ) f^Uy) 


(4.49) 


^ 1 / 0T(8icr') f^ijWo) 


Zy(^S, (fT^cr' 1 ‘p'Ki 
L!(s, Ti/, TTj/, (Ji/, p) bi/(0CT^ , ^-kJ) 


if a < £. Here 0o- = ®0cr^ is the value of ') (in fl4.3Up i lying 

in the a-component. Remark that the denominator factor b,y(-, •) is 
possibly equal to zero in general. If so, we simply normalize Z*{s, •) to 
be zero, which will not affect the next identity. It follows that 


Z(^S, (fr^a' y 'f^£,wo') '^S'('^5 y ^ny '4^£,'Wo') ' Li(s, T, TT, (J, p) 

ila>l 

i'fi, . ifa<(. 

m 


(4.50) 
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Here the inner products in (14 .50^ are defined in (14.381) and (I4.43p . re¬ 
spectively. We define 

(4.51) £(s, r, TT, a; p) := JJ £(s, vr^, p); 

V 

and define 

(4.52) 2g(^S, (f>T^cT' 1 ^Tn'4^£,wo') ■ 0tiS)ct' ; '4^£,wq)- 

V 

Finally, we obtain the following formula for the global zeta integrals. 


Theorem 4.5 (Global Zeta Integral Formula). Let t = ■ -fflrr 

be an irreducible unitary generic isobaric automorphic representation 
of Ge/f{cl){^f) fl-s given in fl4.ll) . Assume that vr G .4,cusp(G)0h) and 
a G Acusp{Hm) have generic global Arthur parameters, where m~ = 
m = [^], and m“ = m -|- 2a — 2£ — 1. Then the following identity 
holds for the particularly chosen factorizable data as in Theorems 
and 14-31 : 

Z(^S, 4>T^cr' 1 '4 ^£,wo'} 0r(S)iT'; Tiri '4^l,wo) ' G(^S, T, TT, CT, p) 

ija>i 
, ifa<t 


Here Zg{- ■■) is defined in (I4.52p . £(■ ■■) is defined in (14.5ip . a' = a"’? 
is defined in (14.291) . and the inner products {■,-)e and {■,-)q^o are 

defined in fl4.38p and fl4.43p . respectively. 


We note that on the right hand side of the identity in Theorem 14.51 
the dependence of r occurs in the finite product of the normalized local 
ramified zeta integrals Zg{-), and the factor £(s, r, vr, a; p) is the same 
as a' is replaced by a as explained before. 

When the groups Ha+m and Gff- are F-quasisplit orthogonal groups, 
Theorem l4.5l was proved in the work of Ginzburg, Piatetski-Shapiro and 
Rallis in for the case of r to be cuspidal. In the work of the authors 
in [H], it was proved for both Ha+m and to be F-quasisplit and 
for the case of generic r = ti ffl ■ ■ ■ ffl with any positive integer r. 


4.7. On even special orthogonal groups. We explain with more 
details the twists that we get in the case of even special orthogonal 
groups. We follow the notation from Section 2 of [H]. First, Pj is the 
standard parabolic subgroup of S 04 a+ 2 m with Levi subgroup isomor¬ 
phic to GL^ X S 04 „+ 2 m- 2 r(W£)- Here S 04 „+ 2 m- 2 r(W£) preserves the 
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quadratic space 

Wi = Span{eJ+i,..., efj © Vq. 

G is the stabilizer of preserving the quadratic space 

= Span{e^+i,..., y-^] © I/q. 

The anisotropic kernel of Ih^fli/^ is a subspace of Fi/_k© Vq. The inner 
period over tt is arisen from the open double coset of -Pj\S 04 „+ 2 m/ G-N^. 
Recall that we choose the following representative r] for this coset 

/h \ 

Ij-e 


‘Cm-J 


'Vo 




ij-e 


h) 


Recall that = G fl (17 ^PjV)- Then under the conjugation of rj, 
S 02 m(i?~^Rj) is the subgroup of G^, which preserves 

Span{eJ+i,..., © Rq- 

For example, when j = £ + 1 , then (G, S 02 m(? 7 ~^hF,)) is the Gross- 
Prasad pair. That is, S 02 m(h~^^i) stabilizer of the anisotropic 

vector i/_K. Thus S02m{v~^Wj) is isomorphic to S 02 m(Rj)- 


5. On Reciprocal Identity for Bessel Periods 

We apply the global zeta integral formula fTheorem 14.Sp to the cases 
with particularly chosen datum {a,m,m~) and obtain the reciprocal 
identities for Bessel periods considered in this paper. 

5.1. Special data for global zeta integrals. Take as before the 
classical group Gn = Isom(R, q)°. The group G„ is a pure inner F-form 
of an F-quasisplit classical group G* = Isom(l/,*, g*)° of the same type. 
Here n = dimeRn = dimeVJ,* and n = [^]. Recall from Section 122] 
that is n if G„ is a unitary group or an even special orthogonal 

group; and is n — 1 if G„ is an odd special orthogonal group. 

Assume that vr G .4,cusp(G„) has a G„-relevant, generic global Arthur 
parameter 0 G 4 > 2 (G*). As in (II.2p . the generic global Arthur param¬ 
eter 0 determines an irreducible unitary generic isobaric automorphic 
representation r = ti fflr 2 ffl ■ ■ ■ of Ge/f{P^){-^f), as given in fl4.ip . 
Take a G„-relevant partition 

(5.1) ^^ = [(24 +1)1"-''*-'] 
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and consider the Bessel module of vr, or for a 

cuspidal realization of vr. Since tt is irreducible and cuspidal, (tt) 

C') 

consists of rapidly decreasing automorphic functions on (A), and 
hence is a sub-representation of (A) in the space of L^-automorphic 
functions on H^J* (A). Note that the group is a pure inner F-form 
of an F-quasisplit H* with i~ = [^] and [7 = n — 2£* — 1. 

We further assume that is nonzero and has the property 

that there exists a a G AcuspiH^J*) with a generic global Arthur pa¬ 
rameter, such that the inner product 

(5-2) 

for some ^ C-k and ipa- & Co-, where is a cuspidal realization of a. 

Note that the index A may not be the first occurrence index as 
described in Conjecture 12.31 In this generality, the discussion in this 
section can also be applied to the proof of the global Gan-Gross-Prasad 
conjecture in this paper. 

We take in this section that m := i~ and m := [7 = u — 2£* — 1. In 
the definition of global zeta integrals in Section 14.11 we take 

(5.3) = and a = N = xC', 

and take Ha+m to be the classical group containing the Levi subgroup 
Ge/f{o) X fifm- To define the global zeta integrals, we take the partition 

(5.4) p = [(2k* + l)l2a+m-2«*-ll 

with K* := a — A — 1- It is a partition of type (2a + m, Ha+m)- For any 
F-rational orbit in the F-stable orbit , we have the stabilizer 

—K* 

~ Theorem 14.51 with (k*)“ = m~. The integer m”, 

such that m~ = [^], can be calculated as follows: By definition, we 
have 

(5.5) m“ = 2a -f m — 2 k* — 1 = m -f 2(a — k*) — 1. 

Since a — k* = £* + 1, we have = m-|- 2£* -|-1. Since m = n — 2A — 1, 
we must have that m“ = n and hence that m~ = n. By Proposition [2Tl 
and the relation of the three groups {Ha+m) Gn, Hm), it is not hard to 
find the F-anisotropic vector tc* corresponding to the F-rational orbit 
such that Gn can be identified with the stabilizer = G'^*_. We 
are ready to obtain consequences of Theorem 14.51 for those particularly 
chosen data. 
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5.2. Properties of the normalized local zeta integrals. We de¬ 
duce the following results on Zg(s, V'OkJ) which is the hnite 

product of the normalized local zeta integrals. 


Proposition 5.1. Assume that the data defining the global zeta inte¬ 
grals are chosen as in Section l5A[ Let vr G .4,cusp(Gn) have the generic 
global Arthur parameter fir, with r being in fl4.ip . Assume that the in¬ 
ner product , as in fl5.2p . is nonzero for some choice 

\ / Urn 

of ipr G Cr and G Co-. Then the following hold. 

(1) ZHs, fiTiS)a')T-K,'fio^J, defined as the finite product of the nor¬ 
malized local zeta integrals, is a meromorphic function in s over 
C for any choice of fir^a' with the given ip^ and for the given 

( 2 ) 4>T®cr'is holomorphic at s = \ for any choice of 
data as in Part (1). 

(3) Fix an arbitrary s = Sq G C. For any ip„^ G Uj, and (p^,, G 

7i,y such that the local pairing is nonzero for every 

z/ G S', there exists fir^^^ai whose value of fir^^^afiba+m, ■) in the 
a'-component equals oAd{Wg) such that the finite product of 
the non-normalized local zeta integrals, Zs{s,fir^a',Pn,'fio,^,), 
is a nonzero constant at s = Sq. 

(4) There exist factorizable data p„, and fir^a', such that the 

inner product 17^°’■*{}p.fi),p\ , and Z*s{s,fir^a',P^,fio^J at 

' ' Hm 

s = I are simultaneously nonzero. 


First, we use the identity in Theorem 14.51 to prove Part (1). From 
the special data chosen in Section 15.11 we have that a — =£*4-1 

and hence a > k^. The identity in Theorem 14.51 with the chosen data 
here is written as: 


(5.6) /p^,J^^°-*{E{-,fir^^,,s))\ 

\ / Gn 

= Zg{s,fir^„,,p^,fio^J ■ ^s,T,n,a]p) ■ (e^‘^^*{p^),P^) ■ 

Here p^ = fi„i o Ad(Wg) and fio-' is the a-component of the value of 

0r(S)(T(-hti+2a) ')• 

Let us consider the right hand side of the identity in 05.61) . By 
assumption, the inner product (J-'^°^*{pt^),p^\ is nonzero and in- 

' / Hm 

dependent of s. In the L-function part, we have 

L{s -4 |, r X tt) 


(5.7) 


£(s, T, IT, it; p) = 


L{s -|- 1, r X a)L{2s -|- 1, r, p) 
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Since the cuspidal automorphic representations tt and a are assumed 
to have generic global Arthur parameters, the complete L-functions 
L{s,t X tt) and L{s,t x a) are dehned in terms of the global Arthur 
parameters of vr and a, respectively. Hence £(s, r, vr, cr; p) is meromor- 
phic in s over C. 

In the left hand side of the identity in fl5.6l) . the Fourier coefficient 
(.£'(•, s)) is meromorphic in s over C and the inner product 

(0T-,g)o./, s)) \ is well defined when s is away from the 

' / Gn 

poles of (pT^a'y s)), since is cuspidal. Hence the left hand 

side of the identity is meromorphic in s over C. It follows that the finite 
product of the normalized local zeta integrals, Z^(s, 07 -ig,o-', 
is a meromorphic function in s over C for any choice of (pr^a' with the 
given (po- and for the given (p^r- This proves Part (1). 

Now, in order to prove Part (2), we need more specific information 
from both sides. In the expression (15.Th . the following product 

1 '' 1 
L{s + -,T X Tl) =YIL{s + -,Ti X tt) 

i=l 

has a pole at s = | of order r, since the cuspidal automorphic repre¬ 
sentation TT has the generic global Arthur parameter 0,- with 

r = Ti ffl ■ ■ ■ ffl Tr 

as in fl4.1l) . It is clear that the product 

r 

L{s 1, r X a) = L{s + l,Ti x a) 

i=l 

and the product 

r 

L{2s+ l,T, p) = '^L{2s+ l,Ti, p) X L(2s + l,ri X rj) 

2=1 

are holomorphic and nonzero at s = |. It follows that the L-function 
part £(s, r, vr, a; p) has a pole at s = | of order r. The inner product 

is assumed to be nonzero and independent of s. 

\ / Hrn 

In order to show that the finite product of the normalized local zeta 
integrals, 0T.|g)o-', V'OkJ) is holomorphic at s = |, it is enough 

to show that the inner product in the left hand side, 

\ / Gn 

has a pole at s = | of order at most r. 









50 


DIHUA JIANG AND LEI ZHANG 


First, we look at the Eisenstein series s). (cr will be re¬ 

placed by a' in our later application.) We calculate the constant terms 
of E(-, 0T-|g,o-, s). According to the cuspidal support of E(-, 0T-ig,o-, s), 
among all of the constant terms that are not identically zero, the term 
that carries the highest order of the pole at s = | is given by the 
following intertwining operator integral 

(5.8) M{uo,t ^a,s){(j)r^^){g) := Xs4>r^a{(^o^ng)dn, 

Jr/a (A) 


where Ua is the unipotent radical of the standard maximal parabolic 
subgroup Pa = Malia witli Ma = Ge/f{cl) X H^, and the Weyl group 
element ojq takes Ua to is opposite . Following the calculation of 
Langlands ([5lj and also | 68 ]), one may choose the factorizable section 
(t> = 0T(g)o- SO that M.{uq, t ® a, s){cj)) enjoys the following property: 


(5.9) 

M{ujo,t a,s)s{(l)s) 


L^{s,t X a)L^{2s,T,p) . 

LS{1 + s,TX a)LS{l + 2s, r, p) 


where Ad(ci;o, 0 T(g)o-, 5)5 is the hnite product of the local intertwining 
operators over u E S and (j)s = Hyes ■ Since the cuspidal auto- 

morphic representation a is assumed to have a generic global Arthur 
parameter and we dehne the local L-factors at z/ G S' in terms of r 
and the generic global Arthur parameter of a, we take the Shahidi 
normalization by dehning, for each v E S, 


(5.10) A/'(a;o, r 0 a, s)^ := /5^(s, r, a, ipp] p) ■ M{u:q, T®a, s)^, 


where the local normalizing factor (3u{s, r, a, tfjF', p) is dehned to be 
Ly{l + 5 , r X a)Ly{l + 2s, r, p)e^(g, t x a, 'tpF)ev{2s, r, p, ipp) 
L^{s,t X a)Lty{2s,T, p) 

Hence we obtain the following: 

^^{uJo, r 0 g, 5 ) • L{s, r x a)L{2s, r, p) 

’ L(1-f s, r X (j)L(l -|- 2s, r, p)e(s, r X cr)e(2s, r, p) 

We call Af{u!o, t ® a, s)^ the normalized local intertwining operators. 


Theorem 5.2. Let r = ti ffl ■ ■ ■ ffl he the irreducible isobaric auto- 
morphic representation of Ge/f{.o){K) as in fl4.ip . and a E Acusp{Hm) 
of a generic global Arthur parameter (pa- Then, for each local place v 
of F, the normalized local intertwining operator Af {ujq,t ® a, s)y from 
the induced space Indp“(yo|'^‘'^| • 0 to 0 

is holomorphic and nonzero for Re(s) > where r* = /(ti,)'^ is the 
contragredient of l{t). 
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We remark that when Hm is -F-quasisplit, much stronger result than 
what stated in Theorem 15.21 can be proved when a is also assumed 
to be generic (see [13], for instance and also see EB). We will prove 
Theorem 15.21 in Appendix B. 

By Theorem 15.21 we have that the normalized global intertwining 
operator AA(a;o, r ® a, s) is holomorphic and nonzero for Re(s) > On 
the other hand, it is easy to write 

r 

L{2s,t,p) = Y[L{‘2s,Tj,p) ■ JJ L{2s,TiXT-). 

j = l 


Since ti, • • • ,Tr are conjugate self-dual and distinct for all 1 < i < 
j < "T, L{2s,Ti X Tj) is holomorphic and nonzero at s = |. It follows 
that the L-function L(2s,r, p) has a pole at s = ^ of order r. Since 
the generic global Arthur parameter (pr associated to r and the generic 
global Arthur parameter pa- associated to a are in different parity, the 
L-function L{s,t x a) must be of symplectic type ([Hj), and is holo¬ 
morphic at s = |, but may have zero at s = i. It follows that the 
global intertwining operator J\4(ljo,t (8) a, s) has a pole at s = | of 
order at most r. This implies that the Eisenstein series s) 

has a pole at ^ of order at most r. 


Next, we consider the inner product (E(-, s)) 


Gn 


on the left side of the identity in fl5.6l) . It is clear that the Fourier 
coefficient (E(-, 0T-ig,o./, s)) of the Eisenstein series 

has a pole at s = | of order at most r. The inner product of the Fourier 
coefficient with the cuspidal automorphic form can not increase the 
order of the pole at s = |. Therefore, the left hand side of the identity 
in fl5.6p has a pole at s = | of order at most r. Finally, using the identity 
fl5.6p again, we obtain that the finite product of the normalized local 
zeta integrals, ^ 5 ( 5 , V'Ok, )) must be holomorphic at |. This 

proves Part (2). 

Part (3) will be proved in Appendix A. 

Based on Part (3), Part (4) can be proved as follows. By assumption. 


the inner product is not identically zero. By the 

' / Hrn _ _ 

uniqueness of the local Bessel models (0. m, im and |43] ). we have 
for factorizable vectors 


( 5 . 12 ) 


F 


■i’Of 




- Ctt 


Hn 




where the constant as defined in fl4.38l) (as a > a*) depends only 
on TT and a. It follows that 7 ^ 0 and bi,((p^^, (po-„) is nonzero for 
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every v. We may take the factorizable section (pr^a' such that the value 
of <pT®a'{.l 2 a+m)') the cT-component to be ip^j o Ad(Wg). With such a 
choice of since is nonzero for every u, by Part (3), 

the non-normalized Zs{s, , P’-Ky'PoK,) is nonzero at s = f. Hence 
the normalized Zg{s,(j)r^af,ipn,'ipOK,) h also nonzero at f. This proves 
Part (4) and hence the proof of Proposition 15.11 is now complete. 

From Theorem 15.21 and the proof of Proposition 15.11 it is easy to 
deduce the following. 

Proposition 5.3. With the notation as above, the Eisenstein series 
(pT^a, s) has a pole at s = ^ of order r if and only if L{s, r*, p) has 
a pole at s = 1 for i = 1,2, ■ ■ ■ ,r, and L{s, r x a) is holomorphic and 
nonzero at s = f. 

5.3. Reciprocal identity for Bessel periods. We continue with the 
assumptions made in Section 15.11 and obtain, with the help of Sec¬ 
tion 15.21 a reciprocal identity for two Bessel periods, which is a refine¬ 
ment of the identity in Theorem 14.51 

We first recall the following identity from Theorem 14 .5 1 and also Equa¬ 
tion (15. 6 p 


(5.13) 

\ / Gn 

1 ^TT) 'POk^ ) ' '^('5) J") ^ y P) 



Here we take to be a r 0 a'-valued function as in fl4.30p . and 

denote (p^-o Ad(tCq) = ZuPa,, oAd(M;g) to be the value of pT®a'{ha+my ■) 
in the cx'-component as in Page HU 

Since £(s, r, tt, a; p) has a pole at s = f of order r, and by Part (4) 
of Proposition 15.11 there is a choice of factorizable data such that the 

inner product and Zg{s,pr®a'yPnypo,,J at s = f 

are simultaneously nonzero. The right hand side of Equation fl5.13p has 
a pole at s = I of order exactly equal to r. By fl5.13|) again, the left 
hand side has a pole at s = f of order exactly equal to r. By taking the 
iterated residue at s = f both sides, we obtain the following identity: 
(5.14) 


Res.^i (E(-, pr®a'y s)))^ 


= a 


T 


■pOf 


i^n)yPc 


Hrr 


where the constant 

(5.15) ■ '2^s( 2 ’ pT®a' y P-Ky POk,: ) ■ '^y '^y ^y P) ■ 
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Since is cuspidal, we have 

Res^^l (E(-, s))\ = /(p^, 7^°-* [S-r®a''^ , 

' ' Gn ' ' Gn 

where Sr^^' denotes, as before, the iterated residue of the Eisenstein 
series E{-, s) at the pole s = | of order exactly equal to r. Hence 
we obtain 

Theorem 5.4 (Reciprocal Identity for Bessel Periods). With the as¬ 
sumptions in Section l57J[ the Fourier coefficient 7^°'^* is 

nonzero and enjoys the following identity: 

' ' Gn ' ' Hm 

where the constant is defined as in flS.lSp . The inner products may 
depend on the cuspidal realizations of n and a. 

5.4. On the global Gan-Gross-Prasad conjecture: one direc¬ 
tion. We are ready to derive the proof of one of the direction of the 
global Gan-Gross-Prasad conjecture (Gonjectures 24.1 and 26.1 in [T7jh 
as an application of the reciprocal identity for Bessel periods in Theo¬ 
rem [5]H 

By Theorem 15.41 if the inner product 17^°^* (<^9^), ) , which is 

a Bessel period, is nonzero for some choice of data as in (15.2p . then the 
Fourier coefficient 7'^°'^* is nonzero, where a' is the complex 

conjugate of a'. As a consequence, we obtain that the iterated residual 
representation Er^' is nonzero. By Proposition 15.31 we obtain that 
L{s,t X a) = L{s,t X a') is holomorphic and nonzero at s = |. 

Because d is isomorphic to the contragredient a'^ of cr, it follows that 
L(s, r X (T^) is holomorphic and nonzero at s = and so is L(s, r x a). 
This proves one direction of the global Gan-Gross-Prasad conjecture 
(ini) in the full generality for the classical groups considered in this 
paper. 

Theorem 5.5 (Global Gan-Gross-Prasad Gonjecture: one direction). 
For any vr G x4cusp(Gn) with a Gn-relevant, generic global Arthur pa¬ 
rameter in ^2{G*^Cnj with a cuspidal realization €■„ of ti, assume 
that the Bessel period 

is nonzero with a choice of G and G C^,, for some a G 
•^cusp{Hm) with an Hm-relevant, generic global Arthur parameter in 
^wd with a cuspidal realization Ca^ of a. Then the tensor 
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product L-function L{s,7r x a) = L{s,t x a) must be holomorphic and 
nonzero at s = 


Some remarks are in order. 

First of all, the original global Gan-Gross-Prasad conjecture in im 
assumes that the cuspidal multiplicity of tt G ^cusp(Gn) should be one. 
Theorem l5.5l takes care of the even special orthogonal group case, where 
the cuspidal multiplicity of vr could be two. 

When Gn = G* and F-quasisplit, and when both 

TT and (j are generic, i.e. have non-zero Whittaker-Fourier coefficients, 
and have simple, generic global Arthur parameters, i.e. their Langlands 
functorial transfers to the corresponding general linear groups are cus¬ 
pidal, Theorem 15. 5l was considered in |2T], |22], and [23] by an approach 
mixing the Arthur truncation method and the Rankin-Selberg method. 
Recently, it was noticed by experts that there exists a gap in the proof 
of Proposition 5.3 in [ 21 ], which was duplicated in [ 22 ] and [ 23 ]- This 
technical gap is crucial to the complete proof of the special case of 
Theorem 15.51 considered in those papers, and needs to be hlled up. 

Meanwhile, the assumption of the genericity of both tt and a and 
the assumption of the cuspidality of the functorial transfer of tt and a 
to general linear groups are critical to make the arguments and proofs 
work before Proposition 5.3 in [ 21 ], and the same in [ 2 ^ and [23] . 
Those restrictions disappear in the approach taken in this paper. It 
seems to the authors of this paper that the approach taken up using the 
general framework (including the twisted automorphic descents and the 
reciprocal identity for Bessel periods) considered in this paper is more 
natural and conceptual way to attack the global Gan-Gross-Prasad 
conjecture. 

It is also very important to mention that W. Zhang proved the global 
Gan-Gross-Prasad conjecture ([82] and [83]) for F-quasisplit unitary 
groups U„ X U„_i, with certain local assumptions, and with the global 
assumption on cuspidality of the global Langlands functorial transfers 
from unitary groups to general linear groups. His approach is based 
on the Jacquet-Rallis relative trace formula originally developed in [SB] 
for unitary groups. The progress to extend the approach of Zhang 
to more general situation has been picked up by Y. Liu dsa) and 
by H. Xue ([79]). However, this relative trace formula approach is so 
far not known to be available for classical groups that are not unitary 
groups. The approach taken up in this paper treats both unitary groups 
and orthogonal groups uniformly. The same approach is expected to 
work for symplectic groups and metaplectic groups with replacement 








ARTHUR PARAMETERS AND CUSPIDAL AUTOMORPHIC MODULES 55 


of Bessel models by Fourier-Jacobi models. We refer to our work ( |45] ) 
for more details. 

The other direction of the global Gan-Gross-Prasad conjecture (im) 
is more delicate and will be discussed in Section 16.31 with assumption 
on the structure of Fourier coefficients of the residual representation 
Ertsia on iJa+m(A). See Theorem 16.101 for details. 

6. Construction of Cuspidal Automorphic Modules 

In order to construct the explicit modules for cuspidal automorphic 
representations of G„ with generic global Arthur parameters, we have 
to introduce the source representations for the construction. The data 
suggested by Conjecture 12.31 will be used in the construction via the 
twisted automorphic descents. The assumption made in Section 15.11 
will be replaced by Conjecture 12.31 

For a given vr G Acusp(G„) with a G„-relevant, generic global Arthur 
parameter (p = E d> 2 (G*), we recall that has the form 

Take a a G Acusp(-f^m) with an if^-relevant, generic global Arthur 
parameter G and dehne a non-generic global Arthur pa¬ 

rameter by 

(6.1) V>r,<7 := (ti, 2) ffl (r2, 2) ffl ■ ■ ■ ffl (d-, 2) ffl (j)^. 

It is clear that 'ipr,a belongs to \k 2 (Fr*_pm), and is ifa+m-relevant. Let 
be the global Arthur packet attached to the global Arthur 
parameter in fl6.ll) . As in [TT], one may easily verify the following 
property. 

Proposition 6.1. The residual representation Sr^cr is square inte- 
grable, and, if non-zero, belongs to the global Arthur packetYl,p_^^^{Ha+m) 
with the global Arthur parameter given in fl6.ip . 

Now we introduce the specihc data suggested by Conjecture 12.31 
By Proposition 12.21 for a given vr G Acusp(G„) with a G„-relevant, 
generic global Arthur parameter f = pr ^ ^ 2 {Gp) and with the cus¬ 
pidal realization as given by Conjecture 12.31 there exists a parti¬ 
tion p^^ = [( 2^0 + 1)1"“^^°“^], associated to which the (maximal) 

Bessel module J^‘^^o(C„.) is cuspidal and nonzero, as a representation 
of iLm°(A) occurring in the cuspidal spectrum In this 

situation, we take the data that m = f'Q,m=lg=n — 2^0 — 1, and 

IT — Tr‘^^0 
— -n.m • 
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By Conjecture [231 there exists a a G ^cusp(-f^m) with an i/m-relevant, 
generic global Arthur parameter in and with the cuspi¬ 
dal realization Co-, such that the inner product is 

\ / Hm 

a ^ 

nonzero for some G C^r and G C^/ , where a' = a"'? and C„i = Ca'^ 
dehned in fl4.29p . We now apply the reciprocal identity for Bessel pe¬ 
riods (Theorem 15.dh to the case where and k* = kq- Hence 

we must have that kq = a — io — 1, and that the Ko-th Bessel module 
of the residual representation Sr^a is nonzero for certain 
choice of data. 

6.1. On K-th Bessel modules for ^{Ha+m)- We are going to 

show that the twisted automorphic descents detect the properties of 

the global packet instead of a certain individual mem¬ 
ber in the global packet Note that the global packet 

contains at least one automorphic member under 
the assumption. 

We assume that a E G Adisc{Ha+rn) has the global Arthur parameter 
'ipr,a as given in fl6.ip . and has a discrete realization Cs. Consider 
Fourier coefficients associated to the partitions of the form 

= [( 26 : + 1 ) 12 “+'"- 2 - 1 ] 

of 2a-|-m with 0 < k < a-|-rm, where is the F-rank of Hm- It is clear 
that the partition p^ is of type (2a -|- m, As in Section 12.31 we 

study the ^|Jp o^-Fourier coefficient of /s G Cs, and denote by 

—K. ’ ^ 

the K-th Bessel module of G^1!(A) generated by all the Fourier coeffi¬ 
cients with all /s G C^,. As in [25] for the case m = 0 and in 

[do] for m = 1, we prove the following proposition by investigating the 
local structure at one unramihed place of the global Arthur parameter 
'ipr,a given in (j^ . 

Proposition 6.2. Assume that a E G Adisc{Ha+m) belongs to the global 
Arthur packet with the parameter 'il’r,a given in (16.11) . For 

any integer k with a — — l<K<a + Cn,, the n-th Bessel modules 

F^_AE) are zero for all F-rational nilpotent orbits in the F-stable 
orbit (F). 

—ht 

Proof. First, the K-th Bessel module F^"(E) produces the correspond¬ 
ing local Jacquet module of E^ with respect to (Vk at any hnite 

—K. 

local place n. At almost all hnite local places, is unramihed and 
is completely determined by the n-component of the global Arthur pa¬ 
rameter 'ifr,a- Take one of such unramihed hnite local place n, the 
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generic unramified representation Ti, of GE/F{o){Fy) is conjugate self¬ 
dual and hence is completely determined by [|] unramified characters 
Pi, • • • ,/^[§], and ay is also an irreducible generic unramihed represen¬ 
tation of Fy-quasisplit Hm{Fy). As in [25], Chapter 5] and in the proof 
of Proposition 2.3 of [iQ], the unramihed local component Sj, can be re¬ 
alized as the unique irreducible unramihed constituent of the following 
induced representation 

(6.2) 

where r' — o det 2 ) ® ■ ■ ■ ® (/i[e| o det 2 ), and det 2 is the 

determinant of Ge/f{‘^)- 

In [25] Chapter 5], the calculation of the local Jacquet modules of 
the induced representation as in fl6.2p with respect to (Vj, and 

for general k has been explicitly carried out. See [251 Theorem 5.1], 
in particular. Hence it is not hard to hgure out, as in [ID] Section 2], 
that for K with a — — 1 < k < a + Xm, such a local Jacquet module is 

always zero for the induced representation as in fl6.2p . and so is for the 
unramihed local component 'Ey at the hxed local place f. This proves 
that for all k with a — io — 1 < k < a + Xm, K-th Bessel module 
must be zero for all such orbits F-rational in the F-stable orbit 
©“(F), □ 

The proof uses the structure of unramihed local components of E 
and hence is independent of the discrete realization of E if E is of dis¬ 
crete multiplicity two. The same happens to the proof of the following 
proposition, which considers the Ao-Bessel modules for the 

case where kq = a — io — 1 and hence Kq = m~ = n. 

Proposition 6.3. Let r and a be as in Proposition 1 6. M For an auto- 

morphic member E in the global Arthur packet no-Bessel 

modules Fn'^°{E), with n = , is cuspidal, as a sub-representation of 

Gn'^°{A) in the cuspidal spectrum for all F-rational nilpo- 

tent orbits in the F-stable orbit Of (F) with kq = a — io — I as 

-’'^0 

given in Section FOl 

o 

Proof. It suffices to show that the constant term of Fn (E) along every 
standard parabolic subgroup of Gn is zero. The proof uses essentially 
the tower property developed in [25] Chapter 7]. We take, in particular. 
Theorem 7.3 of [25|. As in the proof of Proposition 2.5 of [ID], it is 
enough to show the conditions in [25] Theorem 7.3] hold. Because of 
Proposition 16.21 the terms in [25l Equation (7.35)] are all zero. If E is 
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cuspidal, the conditions in [251 Theorem 7.3] are automatic. Hence in 
this case, all the constant terms are zero, and therefore, Kg-th Bessel 
modules (S) are cuspidal. 

When E in the global Arthur packet is not cuspidal, 

then it must be a residual representation with the global Arthur pa¬ 
rameter 'ipr,a- According to [32] and [BDI, among the residual repre¬ 
sentations in the global Arthur packet n^^ ^(i7a+m), S = has the 
least cuspidal support in the sense that among the cuspidal supports of 
those residual representations, the Levi subgroup in the cuspidal sup¬ 
port of £^T(g)o- is the smallest one. It is enough to consider the case when 
E = The same argument will be applicable to the other residual 

represent at ions. 

For E = in Formula (7.35) of [23], it follows from Proposition 
I6.2l that all the summands in summation are zero. Hence it is enough to 
check the assumption of Theorem 7.3 of [23|. By the cuspidal support 
of £^t(S)o-, if the constant term f^p-^ is zero (using the notation of [231 
Theorem 7.3], with / G Sr^a), we are done. It remains to consider 
the cases when the constant terms are not zero. To this end, we may 
consider the hrst nonzero constant term, which reduces to the case 
with r = r 2 ffl ■ ■ ■ ffl Tr of Ge/f{.o. — ai)(A). Here we refer to fl4.ip for 
notation. In this case, the index for the Fourier coefficient is kq + * 
with i = 0,1, ■■■ ,p — 1, following the notation of [231 Theorem 7.3]. 
Recall from Section (ST] that kq = a — £o — 1 and io = Hence 


Kf) + i = [a 


n, m — 
+ — 


t. 


On the other hand, the term (y^p-i)bK;o+i.“ is a Fourier coefficient on 

CL — CLi -|- tn -|- 6 — 1 


Ha-ai+m with index 


where e = —1 if Gn is an odd special orthogonal group; otherwise, 
e = 0. It follows that 


a — ai-|-m-|-e — 1 
Ko + i > -- 


This is because ^ | and ^ ^ According to the structure 

of the global Arthur parameter as in (16.Ih . the term (y^p-*)^'=o+i.“ 
must be zero. Namely, the condition in [231 Theorem 7.3] holds in 
this reduced case because of Proposition 16.21 Hence by induction, we 
obtain that the Kg-th Bessel modules £Fn (E) must also be cuspidal. 
This completes the proof. □ 
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It is clear that the Ko-th Bessel modules J^n (S) could be zero. 

o o 

We assume that the cuspidal sub-representation of Gn'"°(A), 

occurring in the cuspidal spectrum is non-zero, and write 

it as a Hilbert direct sum: 

(6.3) (S) = TTi © • • • © TTfc © • • • 

where all © are irreducible cuspidal automorphic representations of 
In fact, the Ko-th Bessel modules are also 0(G'^"“)- 

Kq 

stable, which follows from the following. 

Proposition 6.4. ForTi G Adisc{Ha+m), the K-th Bessel module 
is stable. 

Proof. To prove this, it suffices to consider the case when Ha+m is 
an odd special orthogonal group. In fact, for all the other cases, the 
stabilizer is not an even special orthogonal group and then 0(G^") 
is trivial. 

Suppose that Ha+m is an odd special orthogonal group. Then m is 
odd and m = 2m + 1. In this case, the discrete multiplicity of S is one. 
We may take the unique discrete realization Cs of S in this proof. 

By the dehnition in Section 12.41 is identihed as the connected 
component group Isom(V(K) where the anisotropic vector wo 

is of form fl2.14l) . namely, 

X 

U!0 = Ca+trrv + (~i-) ^C-(a+rm) 

for some x G , where tm = x.{Hm) is the F-rank of Hm- Recall 
that Isom(V(K), g)° = Ha+m-n is a subgroup of the Levi subgroup 
of Ha+m- Assume that a > 0. Take the element 

S diag{ A, la+t^—K—li 1) A—2rm) 1) A+rm—K—1) A}- 

It is easy to check that e G Ha+m and it stabilizes Wq. Note that 
the stabilizer of Wq is SO(V(k) n WQ,q) xi (e), which is isomorphic to 
0 (V(k) n q). The adjoint action of (e) on = SO(V(k) H q) 
is the same as the action of 0(G®lr). 

Consider the action of £ G Ha+m{.F) on a discrete realization Cs of 
S, dehned by f^{g) := f{e~^ge) for / G C^. Since e: G Ha+m{.F), f%g) 
also belongs to Cs. By the dehnition 12.71 since £ stabilizes 'f+wo, 

where the action of £ on h G is given as above. It follows that if 

/ G Cs, then G (Cs). As explained in Page [T6l the 





60 


DIHUA JIANG AND LEI ZHANG 


action of £ on (/) coincides the action of OiG^H) on 

That is, is 0(G'^L)-stable. 

When K = 0, the K-th Bessel module is the restriction of Cs 

into the even special orthogonal group S02a+m-i(ji'o')- Let us extend 
the representation Cs as the representation of Ha+m x {—ha+m) = 
02a+m(L^), by letting the action be trivial on {—ha+m)- We may choose 

^ {h+my I5 h+m} ■ 

Then the rest of the proof is the same as that for the case k > 0. We 
complete the proof. □ 

The general calculation of the local Jacquet module of the induced 
representation of type (I6.2j) . as explained in [25l Chapter 5], or more 
precisely, in [2Sl Theorem 5.1], and also as in [IHl Section 4.1], can be 
adopted to prove easily that those irreducible summands vij are actually 
nearly equivalent to each other, and at almost all local hnite places z/, 
the unramified local component of vTj shares the same Satake pa¬ 
rameter with the unramihed local component under the unramihed 

o 

local Langlands functorial transfer from Gn''°{Fy) to GE/F{o){Pf) 
o 

cept that Gn'^°{Fy) is a split even special orthogonal group. In this 

o 

case, the unramihed local component belongs to the 0{Gn'^° {Fy))- 
orbit of the Satake parameters of Gn'"°{Fy), which are the descents of 
the Satake parameters of Ty under the local Langlands functorial trans¬ 
fer. Furthermore, by the local uniqueness of Bessel models at all local 
places and H), it is easy to deduce that tt* is not equiv¬ 

alent to Tij iii ^ j, that is, the decomposition in fl6.3|) is of multiplicity 
free. We summarize the discussion as the following theorem. 

Theorem 6.5. Assume that r and a be as given above. For an au- 
tomorphic member T, in the global Arthur packet ^ {Ha+m), assume 

that the K^-th Bessel module is non-zero for some F-rational 

nilpotent orbit in the F-stable orbit {F) with Kq = m~ = n 

-KQ 

and Ko = a — io — 1. Then the following hold: 

(1) The Ko-th Bessel module is cuspidal and can be re- 

o 

garded as a sub-representation of Gn (A) in the cuspidal spec¬ 
trum LlaspiCn'^h- 

(O o 

( 2 ) In the cuspidal spectrum L‘l^^^{Gn'^°), Fn has a multiplic¬ 
ity free, Hilbert direct sum decomposition 

Fn °(S)=7ri0---07rfc©--- 
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O 

where all vTj belong to ^cusp(Gn'‘°), and have a generic global 
Arthur parameter belonging to the 0{Gn'‘°)-orbit of (f)^, which 
is Gn'^° -relevant and is determined by r. Moreover, Tn "““(S) is 
6{Gn^°)-stable. 


Note that in Part (2) of Theorem 16.51 the 0(Gn"'“)-orbit of (fr con¬ 
tains only one parameter unless Gn"'® is an even special orthogonal 
group. In this case, the 0(Gn'‘°)-orbit of (p^ may contain two param¬ 
eters {0,0*}, which are the descents of 0r, as explained in Page fT6l 

It is worthwhile to remind that in this case, the global Arthur packets 
o o 

n^(Gn'‘°) and are different. We may identify the parameter 

(pr with either 0 or 0*, as in Page fTHl 

The result in Theorem 16.51 may be illustrated by the following dia¬ 
gram: 

0r {.Hmi ^ 










3 vr 


s 


n \^j C D(,ygp(^Crn , 


The big question in the construction is: what can we say about tt and 
as representations of G„(A) and Gn'‘°(A), respectively? 
Without the participation of a and Hm, Diagram fl6.4p may reduce 
to the following diagram: 


‘^’2(G*) 3 07- 




(6.5) ^ ^ 

n*,(G„) 3 ^ c 

o 

When Gn = Gn'^° = G* is F-quasisplit and Sr is the residual rep¬ 
resentation of Ha{A) (with a = N = rG) having the global Arthur 
parameter 

07 = (ri,2) ffl ■ ■ ■ ffl (r7,2), 

this diagram yields the automorphic descents of Ginzburg-Rallis-Soudry 
([25]) that construct certain generic cuspidal automorphic representa¬ 
tions of an F-quasisplit classical group G*(A). 
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By Proposition I2.6[ Gn and Gn'"° are pnre inner forms. If one of Gn 
and Gn'"° is not equal to G*, then the relation between tt and J^n ”°(S) 
is the generalized Jacquet-Langlands correspondence between Gn and 

O I—1 

Gn'"°■ However, as shown in |40], this will not cover the general situ- 

o 

ation as the F-ranks of Gn and Gn"” must satisfy the condition given 
in Proposition 12.51 The introduction of a and in the construction 
is to avoid such restriction. 

With the participation of a and Hm in the construction as displayed 
in Diagram fl6.4p . which is essential, the proposed construction may (in 
principle) produce all irreducible cuspidal automorphic representations 
of the classical groups G„ that are pure inner F-forms of an F-quasisplit 
classical group G*. We are going to show that the Ko-th Bessel module 
is non-zero, assuming Conjecture 12.31 If we assume that 
the stronger uniqueness of the local Bessel models over a local Vogan 
packet holds at all local places (Conjecture 13.11 the known cases of 

which is given in Theorem 13.2p . then is in fact irreducible, 

o 

when Gn = Gn'^° is not an even special orthogonal group. However, if 
Gn = Gn'"° is an even special orthogonal group, then Ffcould 
be a direct sum of two irreducible cuspidal automorphic representations 
that belong to the 0(G„)-orbit. In any situation, we set 

(6.6) F^“(r;a) := 

o 

and call Vn (r; a) a a-twisted automorphic descent of r from Ge/f{N) 
o 

to Gn"“, or simply a twisted automorphic descent of r, where N = a = 
n^. The main result in the theory of the cuspidal automorphic modules 
outlined in Diagram fl6.4l) is to conhrm that the constructed module 
Vn (r; a) in 06.61) is in principle isomorphic to the given irreducible 
cuspidal automorphic representation tt. In the following we state the 
main conjecture in the theory of the cuspidal automorphic modules. 

6.2. The main conjecture for cuspidal automorphic modules. 

Let Gn be one of the classical groups defined over F as before, and be 
a pure inner F-form of an F-quasisplit classical group G*. 

Conjecture 6.6 (Main Conjecture). Let r = Ti ffl ■ ■ ■ ffl be an ir¬ 
reducible isobaric representation of Ge/f{0‘){^) that defines a generic 
global Arthur parameter = fir ^ ® 2 (G*) as in fl3.ip . Assume that fi 
is Gn-relevant. For any tt G Mcusp(Gn) belonging to the global Arthur 
packet 'n.if,{Gn), there exists a datum with the following prop¬ 

erties: 
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(1) Hm is a classical group defined over F and is a pure inner F- 
form of an F-quasisplit classical group such that the pairs 
{Gn, Hm) and (G*, Hffi are relevant and the product Gn x Hm 
is a relevant pure inner form of the product G* x Hf^; and 

(2) a G Acns-p{.Hm) belongs to the global Arthur packet Ii^i{Hm) 
associated to an Hm-relevant generic global Arthur parameter 

such that 

(a) ifGn = Gn'‘° is not an even special orthogonal group, or ifGn = 

Gn'"° is an even special orthogonal group, but the 0{Gn)-orbit 

o 

of 71 contains only ti, then the automorphic module Fn''°{T]a) 
that is constructed via the twisted automorphic descent fl6.6p is 
isomorphic to the given ti: 

Vy{T-a)^77- 

o 

(b) if Gn = Gn"'° is an even special orthogonal group, and the 
0{Gn)-orbit of tt is equal to {tt, vr*}, then 

Vn"°{T;a) = 7r©7r*. 

It is not hard to see that the constructed cuspidal automorphic mod¬ 
ule Pn (t; ct) in Conjecture 16.61 is the special realization of the module 
, F {tt , G)) in Principle 11.11 in the particular case under considera¬ 
tion. We remark that the construction outlined in Diagram fl6.4l) only 
uses a piece of information from the data F{7t, G). We will come back 
to the discussion of Conjecture 16.61 with more details in Section [71 

6.3. On the global Gan-Gross-Prasad conjecture: another di¬ 
rection. We continue our discussion and notation from Section 16.11 
with S = and may put the discussion here in a more general 

setting as in Theorem 15.21 and in Proposition 15.31 

Recall that r = ti ffl ■ ■ ■ ffl d- is as in fl4.ip . and a G Acusp{Hm) has 
the i^m-relevant, generic global Arthur parameter (pa- in ^2{HfP). By 
Proposition 15.31 the Eisenstein series E{-,pr^a, s) on Ha+m{A) has a 
pole at s = I of order r if we assume that for each r* occurring in r 
have the properties that L{s,Ti,p) has a a simple pole at s = 1 for 
z = 1,2, • • • ,r and T(i,r x a) is non-zero. As before, we denote by 
Sr^a the iterate residue at s = | of E{-, pr^a, s). As discussed in [41] . 
Sr^a is square-integrable. By [^, Sr(S)a is irreducible. Following from 
m Section 6], Sr^a has the global Arthur parameter 


'pT,a = (n, 2) ffl (r 2 , 2) ffl ■ ■ ■ ffl (u., 2) ffl pa- 
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As in m Section 4] and as recalled in Section I2.3[ the Fourier coeffi¬ 
cients of £^T(g)o- are defined in terms of the hfa+m-relevant partitions of 
(2a -|- We denote by p(£^T-ig,o.) the set of the ifa+m-relevant 

partitions with which the residual representation has a nonzero 
Fourier coefficient. The main conjecture in [33 Section 4] can be spe¬ 
cialized in the current case as follows. To state it, we dehne a partition 
depending of (r; a, H^): 

r[(a-hm-l)(a-M)] z/if;; = SOa™, m = 2m; 

;= < [(a + m)(a-l)l] z/hf;; = S 02 ,„+i,m = 2m + 1; 

l[(a + m)a] if H*^ is a unitary group. 

Note that a = n'^, and the integers a -|- m — 1 and a -|- m are odd, in the 
respective cases. 


Conjecture 6.7. With notation as above, then the following hold: 

(1) For all choice of data, any partition p G p(TT-ig,o-) has the property 
that p < p . 

(2) If Hm = hfm *'5 F-guasisplit, there exist a a & AcvLsp{Hff) 
with a generic cuspidal realization €„, such that p belongs 

to p(i^r(g)cr)j where the residual representation is defined 

through C„. 


If we get back to the construction of cuspidal automorphic modules 
as illustrated in Diagram (16.4p . then we need the following weaker 
version of Conjecture 16.71 Dehne, for a = n^. 


p^ 


[(a + m-l)r+'] ifH*^ = S 02 m-, 
[(a -|- m)l“] otherwise. 


Conjecture 6.8. Assume that r is as given in Diagram fl6.4p . For each 
integer m < n, there exist a classical group and a a G Acusp{Hm) 
with a cuspidal realization C^, satisfying the conditions as in Diagram 
(16.411 . such that 

Note that the partition p^ is to construct the twisted automor- 
phic descent of the residual representation Hence Conjecture 

16.81 is the non-vanishing of the corresponding twisted automorphic de¬ 
scent, which will be proved below to be cuspidal. From this point of 
view. Conjecture 16.71 asserts that there is a choice of data such that the 
twisted automorphic descent actually contains an irreducible summand 
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that has a generic global Arthur parameter. This is similar to Conjec¬ 
ture [231 but for an automorphic representation with non-generic global 
Arthur parameter. 

For m = 0, Conjecture 16.81 was proved in [25]. For m = 1 and Hi is 
an F-form of SO 2 , it is proved jlO]. Similar results can be checked for 
unitary groups, but we do not discuss them here with further details. 

Proposition 6.9. Conjecture \ 6.^ holds when m = 0 and for all F- 
quasisplit classical groups H*, and when m = 1 for even special orthog¬ 
onal groups H 2 n+l = S02n+2,2n- 

We refer to [37|, [38] and [39] for more discussion of Fourier coef- 
hcients of automorphic representations occurring in the discrete spec¬ 
trum of classical groups, and of residual representations in particular. 

As discussed in [22] for F-quasisplit orthogonal groups. Conjecture 
I6.8l is closely related to the global Gan-Gross-Prasad conjecture. We are 
going to discuss this relation for more general relevant pair {Gn,Hm)- 
Recall that Theorem 15.51 proved in the full generality one direction of 
the conjectural equivalence in the global Gan-Gross-Prasad conjecture 
(Conjectures 24.1 and 26.1 in [H]). We now consider the other direction 
of the global Gan-Gross-Prasad conjecture. To state the result, we need 
the notion of global Vogan packets. 

Let (j) G <F 2 (G*) be a generic global Arthur parameter. If cf is G„- 
relevant, we denote as before the global Arthur packet by If 

(f is not G„-relevant, we dehne the global Arthur packet to be 

the empty set. The global Vogan packet associated to (f is dehned to 
be 

(6.7) n^Kl := UG.n^(G„), 

where the union is taken over all pure inner F-forms of G*. Note 
that all the automorphic members in the generic global Vogan packet 
n<^[G*] are expected to be cuspidal, as discussed in [381 Section 3]. 

Theorem 6.10 (Global Gan-Gross-Prasad Gonjecture: another di¬ 
rection). Assume that Conjecture \ 6.^ holds. Let r he the irreducible 
isobaric automorphic representation of Ge/f{o){K) as in fl4.ll) . with 
a = xC = N and a generic global Arthur parameter (f) = (fr in <h2(G*). 
Let (f)' he a generic global Arthur parameter of Assume that there 
exists an automorphic member cxo belonging to the global Vogan packet 
such that 

X o-q) 7 ^ 0, 
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where the L-function L{s, r x do) is defined by means of the parameters 
fir o.nd fi'. Then there exist a cuspidal automorphic member n in the 
global Vogan packet n 0 [G*] with a cuspidal realization C^, and a eusp- 
idal automorphic member a in the global Arthur packet n 0 /(iJm) with 
a cuspidal realization which is a subset of the global Vogan packet 
such that the inner product 

\ / Hm 


for some ip^ G and pa & C^, where fg = fn, and the fioi^-Fourier 

coefficient ((^^) is defined by an F-rational nilpotent orbit 

in the F-stable nilpotent orbit , associated to the partition p^ = 


Proof. Assume that L(|, r x cxo) 7 ^ 0 for some automorphic member cxo 

in the global Vogan packet Since cTq and erg belong the same 

0 (hfm)-orbit, we have 





Dehne fi” to be the global Arthur parameter of which is 
By Proposition 15.31 for all automorphic members (i?, in the global 
Vogan packet the Eisenstein series E{h, firm^ -s) produces the 

nonzero iterated residual representation on Ha+m{,Afi. Assuming 
that Conjecture 16.81 holds for the pair (t, i?) and a cuspidal realization 
the - 00 ^^-Fourier coefficient {Prm) nonzero and cuspidal as 

a sub-representation of Gn'‘°(A) in the cuspidal spectrum 

where is an F-rational nilpotent orbit in the F-stable nilpotent 

orbit Of associated to the partition 
-«0 


p := [(2Kg + 

—/^o 


_ _ o 

with Kg = a — f'g — 1, = m, and Kg = n. Note that the group Gn'^° 

is a pure inner F-form of G*, and by Theorem 16.51 the Kg-th Bessel 

module {£rm) is 0 (Gn'‘°)-stable, and every irreducible summand 

of Fn {£rm) has a global Arthur parameter belonging to the 0(Gn)- 

orbit {fi = fir, 0 *} of fir- 

Take (vr, C^r) to be one of the irreducible summands, such that tt 

o 

belongs to the global Arthur packet n 0 (Gn'‘°). Then the inner product, 
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for some 99 ^ 

' ' 

By replacing the residue £rm by the corresponding Eisenstein series, 
we obtain that the global zeta integral 

\ / Gn 

for Re(s) large. Now by the formula in Theorem 14.51 for the global zeta 
integral with Re(s) large, we obtain that the inner product 

with Iq = m. Note that as discussed before, except the case that Hm 

is an even special orthogonal group, we must have that a = d belongs 

to the global Vogan packet However, when Hm is an even 

£ 

special orthogonal group, we have that a = In all cases, cr belongs 
to the same global Vogan packet H^/ [H^. We are done. □ 

We note that Theorem 16.101 does not assume that the cuspidal mul¬ 
tiplicity of TT should be one, while the global Gan-Gross-Prasad conjec¬ 
ture takes this cuspidal multiplicity one assumption in HU. 

Also, for F-quasisplit classical groups G, a special case of Theorem 
16.101 was also considered in [21] and [22] . It is clear that within the 
theory of the construction of concrete modules for irreducible cuspi¬ 
dal automorphic representations, the proof of Theorem 16.101 is more 
transparent than that in [2T] or [22] . 

By Proposition 16.91 and [40] . the assumption in Theorem 16.101 is veri¬ 
fied for the case of m = 1 and Hi is an F-form of SO 2 , Hence Theorem 
16.101 holds without the assumption of Gonjecture 16.81 for this special 
case. Gombining with Theorem 15.51 the global Gan-Gross-Prasad Gon¬ 
jecture holds for this case. 

Corollary 6.11 (Global Gan-Gross-Prasad Gonjecture: special case). 
Let G* he the F-split S02n+i and cf) = cfy^ be a generic global Arthur pa¬ 
rameter in < 1 > 2 (G*) determined by the irreducible isobaric automorphic 
representation r of GE/F{a){A) as given in fl4.ll) . Let 0' be a generic 
global Arthur parameter of H^, which is an anisotropic SO 2 over F. 
Then the following statements are eguivalent: 

(1) There exist an automorphic member vr in and an au¬ 
tomorphic member a in such that the inner product 

^ 7^0 
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for some G tt and ifa G a; 

(2) L(|,rx0O^O. 

Note that the cuspidal multiplicities of vr and a in Corollary 16.111 are 
one. Hence the cuspidal realizations of vr and a are unique. Also we 
would like to mention that Corollary 16.111 can be proved for unitary 
groups, but we will not discuss the details here. We also note that 
Corollary 16.Ill with trivial a was considered in [15]. 

7. On the Main Conjecture 

7.1. On the main conjecture: general case. We are going to prove 
the main conjecture fConjecture 16.6p . assuming Conjectures 12.31 and 
EH More precisely, we show, assuming the conjectures, that for any 
71 G M,cusp(Gn) with a G„-relevant, generic global Arthur parameter cj) 

in <h 2 (G*), the cuspidal automorphic module 'Dn'"°{T] a) = Tn 
as constructed through Diagram fl6.4p is a direct sum of the two irre¬ 
ducible cuspidal representations in the 0(Gri,)-orbit of vr in the cuspidal 
spectrum of If assume further that the 0(G„)-orbit of vr contains 
only TT, then we have 

D^o(r; a) = 71. 

By Proposition 12.61 the F-rational orbit can be chosen such that 
Gn'^° = Gn- We note that the proof of Conjecture 13.11 has been in well 
progress, the known cases of which were explained in Theorem 13.21 

Theorem 7.1 (Cuspidal Automorphic Modules). Coniectures \2.3\ and 
\3.1\ imply Conjecture \6.(A 

Proof. Take any cuspidal automorphic member tt G with a 

cuspidal realization satisfying the conditions in Conjecture 12.31 It 
follows that m := £q , Hm '■= H and a G Acusp{Hm) with a 

generic, 77^-relevant global Arthur parameter cf' G and with 

a cuspidal realization They have the property that the inner 

product /is nonzero for some G Ct, and (fa G 

Cfj. As proved in Section 12.41 for each local place v of F, the group 
Gn{Fif) X is relevant in the sense of the local Gan-Gross-Prasad 

conjecture as discussed in Section EH, and the local parameter ® cfj 
belongs to x Hm)- By Gonjecture 13.1] the pair 

must be the unique distinguished member in the local Vogan packet 
Hff\ as dehned in fl3.4p . such that the following space, as 
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defined in (13.dh . 

is nonzero. Hence the pair (tt, a) is the nniqne distinguished member 
in the global Vogan packet [G* x . 

We apply the reciprocal identity for Bessel periods (Theorem 15.4p to 
the data {Gn, Hm;T,7i,a), following the choice in Section [5Tl Recall 
the identity as follows: 

(7.1) \ . 

' / Gn ' • Hm 

It follows that the inner product on the left hand side, 

^0, 

' ' G-n 

for some choice of data. In particular, this implies that the -Fourier 
coefficient {^T®a) is nonzero. 

On the other hand, by Theorem 16.51 with n = Aq is 

nonzero and cuspidal as a sub-representation of G„(A) in the cuspidal 
spectrum L^ygp(G„), with G„ = Gn''°, and hence can be written as a 
multiplicity-free, Hilbert direct sum: 

An ° (i^T(g)o-) = TTi © 712 © • • • © TTfc © • • • , 

where vTj G Alcusp(Gn) for alH = 1, 2, • • •. Each irreducible summand 
TTj has a generic global Arthur parameter belonging to the 0(Gn)-orbit 
{0 = 07-, 0*} of 07-. We apply the identity fl7. II) to vr, for all i. The 
non-vanishing of the inner product on the left hand side implies the 
inner product on the right hand side 

' / Hm 

is nonzero for some choice of data. Following Section 12.41 the product 
GT° X Hm constructed as in Diagram (16.4p is a pure inner F-form of 
an F-quasisplit G* x H^. Then by Theorem 16.51 again, the pair (vTj, a) 
belongs to either the global Vogan packet [G* x H^] or the global 
Vogan packet n^^ig,^/[G* x H^]. Since the pair (7r,cT) is the unique 
distinguished member in the global Vogan packet n<^,g,<^/ [G* x H^] , and 
the pair (tt*, a) is the unique distinguished member in the global Vogan 
packet x -H^], we must have that for each index i, tt* is 

isomorphic to either tt or tt*, under the assumption of Coniecture 13.11 
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O 

Because the direct sum decomposition of J^n is of multiplic- 

o 

ity free, it follows that Tn must be of the form: 

(Sr^a) = TT © TT*, 

if the 0(G„)-orbit of vr has two members vr and vr*. If the 0(G„)-orbit 
of TT contains only vr, then we must have 

We are done. □ 


Remark 7.2. By Theorem 7.1, the reciprocal identity for the Bessel 


periods in Theorem 5.4 can be viewed as a formula for the inner product 
of 71 on the left hand side. Further refinement on the right hand side 
will produce an inner product formula through the construction given 
in Diagram 06.41) . Of course, if we consider a different expression for 
the inner product on the left hand side, we will arrive a formula for 
the Bessel period on the right hand side. Hence a close relation of 
the reciprocal identity for Bessel periods to the conjectural formula of 
Ichino and Ikeda in [3l] should be expected. We will come back to this 
important issue in our future work. 


7.2. On the main conjectnre: regnlar orbit case. In this section, 
we assume that the group Gn = G* is F-quasisplit, and vr G ./lcusp(G*) 
is generic, i.e. has a nonzero Whittaker-Fourier coefficient. In this case, 
the global Arthur parameter of vr can be taken in form 03.ip . Then the 
Langlands functorial transfer of vr from G* to Ge/f{N) is t, which is 
of the form 04. ip . This is essentially proved by the work of Cogdell, 
Kim, Piatetski-Shapiro and Shahidi in [13], with combination of the 
automorphic descent of Ginzburg-Rallis-Soudry (|2S])- We refer to [3H1 
Section 3.1] for the detailed discussions of this and some related issues. 

In this case. Conjecture 12.31 holds automatically without 
The residual representation is 8^- on the F-quasisplit H*{A). The au¬ 
tomorphic descent of Ginzburg-Rallis-Soudry in [25] shows that 

is a nonzero cuspidal automorphic representation of G*(A). As proved 
in [13], the descent Pn"'°(T;0) is in fact irreducible for G*, which is 
an F-split odd special orthogonal group. In general, the irreducibility 
follows from Conjecture 13.11 Hence Conjecture 16.61 is proved under 
Conjecture 13.11 as a consequence of the proof of Theorem 17.11 

Corollary 7.3 (Regular Orbit). Let G* be F-quasisplit. For any vr G 
‘^cusp(G*) to be generic with its global Arthur parameter fl3.1l) and r 
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as in (14. ip . then Conjecture \6.6i holds for vr under the assumption of 
Conjecture \3.1[ 

7.3. On the main conjecture: subregular orbit case. We con¬ 
sider in this section the irreducible cuspidal automorphic representa¬ 
tions TT of Gn{^) such that the set p’"(vr) contains the partition 
corresponding to the subregular nilpotent orbit of G*. In this situation, 
it is clear that p”^( 7 r) = {£,ubr^‘ Conjecture [23] can be verified as fol¬ 
lows. The group Hm constructed via Diagram (16.41) can be determined 
as below: 

If G* is an F-quasisplit S 02 n, the subregular partition is [(2n — 
3)3]. The partition with the first occurrence index £0 is = [( 2 n—3)1^] 
with £q = n — 2. Hence is a pure inner F-form of SO 3 , where 
m = £q. According to [3S1 Theorem 11.2], because p"*( 7 r) = = 

[(2n — 3)3]}, the io-th Bessel module F^^o(7r) associated to the F- 
rational orbit Ol^^ must be nonzero if = H is the split SO 3 . 

Hence Conjecture 12.31 holds for this case. 

If G* is an F-split S 02 n+i, then is [(2n — 1)1^], which is the 
partition with the first occurrence index Iq = n — 1. In this case, the 
group Hm is an F-form of SO 2 , and hence Coniecture 12.31 holds. 

If G* is an F-quasisplit U 2 n, then p^^^^ is [(2n — 1)1], which is the 
partition with the first occurrence index Iq = n — 1. In this case, the 
group Hm is equal to Ui, and hence Coniecture 12.31 holds. 

If G* is an F-quasisplit U 2 n+i, then the subregular partition 
is [(2n)l]. The partition with the first occurrence index £q is p = 

[(2n — 1)1^] with £q = n — 1. Hence Hm is an F-form of U 2 . It is clear 
that Coniecture 12.31 also holds for this case, following the proof for the 
case of F-quasisplit S 02 n- 

We summarized this discussion as 

Proposition 7.4. Let (p = (pr be the generic global Arthur parameter 
of as given in fl3.ip with r as defined in fl4.ip . If a cuspidal auto¬ 
morphic member vr in the global Vogan packet n 0 [G*] has the property 
that p"*( 7 r) = then Coniecture \2.3\ holds for vr. 

As a consequence of the proof of Theorem 17.11 we have the following 
result. 

Corollary 7.5 (Subregular Orbit). Assume that vr G .4,cusp(G„) has 
a Gn-relevant, generic global Arthur parameter in 4 ) 2 (G*) and the set 
p™'( 7 r) contains the subregular partition of type (n, G*). Conjecture 
16.61 holds for vr under the assumption of Conjecture \3.1[ 
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Appendix A. Non-vanishing of Local Zeta Integrals 


In this appendix, we prove Part (3) of Proposition 15.11 It suffices 
to show that for any given s = Sq, and for any local place p G S', 
there exists a choice of factorizable data 0 t(8io- and such that the 
non-normalized local zeta integral ) is not zero at 

s = So- This statement is formulated in Proposition lA.il which contains 
more precise results. Throughout this appendix, all algebraic groups 
X are defined over F^. The Th-rational points of X is simply denoted 
by A = X{Fy) when no confusion is caused. For simplicity of notation, 
we may use F for the local helds Fy and use vr of Hy for instance. 

For Re(s) large, the (non-normalized) local zeta integral in Theo¬ 
rem |T]2] is defined by 


(A.l) ^v{,^ 1 '^'K 1 '4^1 ,Wq) 

Recall in fl4.33p 



(F)\G“o (F) 

m 


by{n{h)v^,v„>^h) dh. 


Va',h{.x) 



{nej3rih)'il)(^^+a+t,a-e.)in) dn. 


where ep := eo ,/3 for short. Moreover, Zy{s^ •) has a meromorphic con¬ 
tinuation to the whole complex plane. The proof is similar to that 
of Theorem 4.3 in EB for the split orthogonal group case. Note 
that the bilinear form by{-,-) is in the Hom-space fl4.35p and satis¬ 
fies the property fl4.36p . Here is a cr-valued function in 

Indp“’^'"| ■ |'^>Va,K(r) 0 cr as in fl4.3ip . where >Va,K(r) is the Whittaker 
model of r with respect to the nondegenerate character 'ipZa,K defined 
in fl4.24l) . The remaining notation such as ep and r] can be found in 
Section m It is clear that Part (3) of Proposition 15.11 follows from the 
following proposition. 


Proposition A.l. Suppose that by(T7r,To-) is not zero for some Uo- G a 
and Vt, E n. For any given s = sq G C, there exists a flat section 
in Indp“^"*r| • |^ <8) cr' with (pT^a{ha+m) = W <8 v^, such that the local 
zeta integral Zy{s,(pr^^',v,r,ipe,wo) is nonzero at s = Sq. Moreover, if 
iz is a non-archimedean local place, there is a choice of v'^ and (pr®a' 
with (pr^a'iha+m) = v'^ Z v'^ such that Zy{s,(pr^aEK^'4’i,wo) A cqual to 
a constant independent of s. 

We note that the function (pr^a' is a r <8) cr'-valued function. Even 
though the vectors Tg- and v'^ are in cr, they are also considered as 
vectors in cr', under the action of Hm twisted by The restriction of 
(pr®a' on the unipotent subgroup Ufp opposite to Ua and the W-value 
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Vr of 0Tigi(T are undetermined. In this proposition, we show that for 
given Vt, and v„ with b^(vT^, v„) ^ 0 , one can choose a suitable function 
^r®a' on the restriction into f/u and a suitable such that the local 
zeta integral Z(^-) is nonzero. 

For the split orthogonal group case, Soudry proved, in HD Theorem 
4.3], that under the assumption in Proposition lA.ll there exists a flat 
section ^r®a such that 

Zi/(^S 1 (pT^a'j j'4 ^£,wo') (Utt> U(t) hFr (f^a) ; 

where (j)T^a'{I) = VrZv^ and Wt is the Whittaker functions of G r. 

To prove Proposition lA.ll we recall from Section 14.11 that Ha+m is 
either a special orthogonal group or unitary group. When Ha+m is 
unitary and u splits in the number held E, Ha+m{F^) = \J 2 a+m{Fi,) 
is isomorphic to GL 2 a+m{F^). We defer the discussion on this case to 
the end of this proof. We hrst consider the case that Ha+miFy) is not 
isomorphic to GL 2 a+m(-^i/)- 

Our strategy is to choose a suitable smooth section 0r(g)cr' supported 
in a Zariski open set in Ha+m and evaluate the function 
over the intersection of the integral domain and the open set, and then 
choose suitable u,- G r in = Vt-Zv^ such that •) becomes 

nonzero at the given s = Sq. 

First, recall that dehned in fl4.23l) globally, whose Euler 

product is given in fl4.32|) . It suffices to show that there exists a choice 
of •) is nonzero at the given s = sq. We choose a 

smooth section i^ Indp“’''™'| ■ |®kVa,K(u) ® cr', which is supported 

in the open cell PaU^ of Ha+m- Let (i)Tt^a'{ha+m) = W ® W and IW e 
kVa,K(r) be the Whittaker function corresponding to where is the 
vector in a with the property that by{y.„,Va) 7 ^ 0. Recall that t/u is 
the unipotent subgroup opposite to Ua and Ua is the unipotent radical 
of Pa; as dehned in Section 14.11 This means that 


(A. 2 ) 



<leig\""^P’^Wr{g)f{n')a{h)va 


with g G GLa(Pj,), h G Hm, u G Ua, G a, and n' G P^". Here 
f{n') is a smooth, compactly supported function dehned on Pu, and 
I • is the modular character of the parabolic subgroup Pa- Since 
Ha+m{F,) ^ GL2a+m(P.), (u) (P,) ^ GLa(P,) X GLa(P.). Hence 

(ResE/FGLa)(Py) can be written as GLa(Py) where Ey is either Fy 
or a quadratic held extension over Fy. We note that because of the 
conjugation by w^, the action of the variable h in the left hand side of 
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2]) is given by a, while on the right hand side of (lA.2p is given by 


a' 


Since is supported in the open cell and the integral flA.lD is 

integrating over , we need to evaluate 

a function of h in the domain 


(A.3) 


r>v-,\G'2- n (€f,vr\P,U7)(€fv) 


The group is identihed as a subgroup of the Levi subgroup of 
Pp According to the structure of the stabilizer of the open cell PaC/jP^ 


as given in Section 14.41 the intersection flA.3l) can be written as the 
following intersection 


(A.4) Rh-,\GZ n Ad(i^-i)(P:p-_,). 

Recall that P^ dehned in Proposition 14.11 is the standard parabolic 
subgroup of Ha+m-i with Levi decomposition {Ge^ /F,(a-£) X H^) X 
Ua-e, where Ua-e. is the unipotent radical. Since the intersection set 
G^_ n Ad(r 7 “^)(P^P^^) is P^_^_;^-left stable because of 




_ 

m~ 


n T] 


-^PL 


the intersection modulo RJi 3 _i in flA.4p is well dehned. It is clear that 
open subset of Ha+m-i- 

With the above choice of the integral flA.lD can be taken over 

the set flA.4p . To proceed with the integral flA.lD . we explicitly describe 
the intersection fl Ad(r 7 “^)(P^P^^). It is enough to describe the 
set Ad{v)GZ n (P:P-_,). Take 


(A.5) 


and 



-Y ■ h-^ 
h-^ 


^{Z)g*\ 

-Y'g* e p: 
9* / 


(A.6) 



In. e U-_ 

X la-e 


with g e GLa-i{E), h e Hm, Y e Mat(a-£)xm, Z := 

Y' := —Ua-e ■ i{YY ■ and g* = L{g)~^. Here Ua-e is the anti¬ 

diagonal matrix with the unit entry of the size (a — f')-by-(a — i), 
is dehned in fl2.2l) . and l is the Galois element in Te/f (see Page fTOj) . 
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Since G^_ fixes the anisotropic vector wq = Vk defined in (14.5p . 
Ad(? 7 )G^“_ stabilizes the vector 

(EA 

M{ri)wQ = I Om 1 

(2(a-£)+m)xl 

where Om is the m-dimensional zero column vector, 

El = ( 0 ,..., 0 , 1 )* and Ea = ((- 1 )"’+^^, 0 ,..., 0 )* in Mat(a_^)xi. 

Here we consider Ad{r])wo as an anisotropic vector in the Hermitian 
space dehning Ha+m-i- Then p ■ n ^ is in Ad{p)G^_ if and 

only if p • n hxes the vector Ad(p)tco- It is to say that both p and n 
satisfy the following equations: 

(A.7) EEa = {la-i - g)E,, AE, = {i{g) - Ia-i)E 2 , X'E, = h ■ Y'E^. 

Since our integral domain is a set of E£^^_i-right cosets, we identify the 
quotient set flA.4D by choosing h = J^, p € Za-i{E)\Glja-i{E), 

Y = and L{Z)g* = ^ 

Due to flA.711 and the above choice, the vector y in Y, and Zi in Z for 
1 < i < 3 are determined by X and p, respectively. Because of this, 
we write Yx and Zg for Y and Z, respectively. 

Next, since 7 ^ 0, we choose HA such that 

(A. 8 ) Wr{Ia)by{v-^,vA = I, 


and write, by separation of variables. 


(A.9) 


(h-i 

0 


/ 


X' 


Xi 


\ 

h 

X3 X2 h 

t'i X 0 la-lj 


= fliXi,X2,X3)f2{X, A) 


where fi and /2 are smooth, compactly supported functions, and the 
size of matrices X and Xi are indicated by the matrix in flA.9p . With the 
above choices, we are able to evaluate more explicitly. 

For h in the set flA.4p . we decompose Ad{p)h = p ■ n as given in flA.Sp 
and flA.bp . Let us conjugate p • ft by e^. Referring to Equation (3.6) 
in |31], eype'^^ and ei^ne^^ considered as elements in Ha+m are of the 
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form: 

(A.IO) 


fg 0 

-Rv 

0 

^{Zg)g*\ 


(la-l 


h 

0 

0 

0 


0 

h 


/m 

0 

-Ykg* 

and 

X' 

0 



li 

0 


0 

0 

V 






0 


\ 


/m 

0 Ii 

X 0 la-lj 


By the definition of in fl4.25p . and the choice of in flA.2D 

and / in flA.Qp . we have 


(A.ll) = ^'^)h{X,AY 

X / fi{xi,X2,X‘i)'lpF{{Xi +X2Yx),,^a-d<^Xi<lX2dX‘i, 


'u- 


where the matrices Xi dehne the element in (see fl4.26p ). Since 
the fnnction /i(xi, X2, x^) is chosen to be a smooth and compactly snp- 
ported fnnction and is independent of complex variable s, the integral 
is well dehned over the whole complex plane for snch choice of the 
section 0r(g)o-, and so is the local zeta integral flA.ip . 

Finally, by applying the formula (lA.lip to flA.ip . we obtain that 
Zy{,-) equals 


(A.12) 




)f2{X, A)h^{Ti{p{g, X)n{X, A))v^, v„) 



/l(xi, X2, X‘i)lpF{{Xi + X2Yx)i,a-l) 


dxi da;2 dxs dg dX dA. 


The notation in the formula is explained in order. The integration 
is over Za-i{E)\{g G Gha-i{E) \ i{g)E2 = AEi + E2}^ with constraints 
given in flA.7p . Rewrite n and p to be n{X,A) and p{g,X) respec¬ 
tively to indicate their dependence on variables X, A and g, following 
flA.lOp . The integration ^ is over the set U~_^ with AEi ^ —E2, 
due to AEi = {i{g) — Ia)E2 in (IA.7P and det(5f) 7^ 0. Indeed, because 
AEi + E2 = L{g)E2, if AEi = —E2, then i{g)E2 = 0a_£, which implies 
det{g) = 0. 

We are going to hnish the proof based on the above expression for 
the local zeta integral ■). Suppose that Z^y^s, ■) is identically zero 
for all choice of data /i and /2 at the given s = Sq. We vary the 
function f2{X, A) and consider the rest of the integral as a continuous 
function of X and A. Since the integral over U~_^ is identically zero, the 
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remaining integration in the variable n as given in (1A.6I1 is identically 
zero, that is, 


(A.13) j j^)^v{T^{pn)v^,v„) 


X / X2Y'x)l,a-l)<^Xi(lX2dX2.dg = Q. 

JUa.r, 


Especially the integral on the left hand side of flA.13H is identically zero 
aX n = l 2 {a-£)+m, equivalently, at X = 0(a £)xm and A = 0(^a-i)x{a-e)- 
Because M = and X'Ei = Y'E 2 in flA.7D . we must have that Yx = 
0(a-£)xm due to X = 0(„_£)xm- As A = 0(a-qx(a-£) and AEi = {i{g) - 
Ia)E 2 in flA.7p . g must belong to the mirabolic subgroup of Gha-£{E), 
that is, E{g = E\. Since the integration domain of g is modulo Za-e{E) 
and E\g = El, the integral is over Za-i-i{E)\GLa-£-i{E). 

Furthermore, one may choose a suitable smooth, compactly sup¬ 
ported function fi such that 


(A.14) 


Ua,r) 


fl{xl,X2,X3)^pF{{xl)e,a-e) dxi dxadxg = 1. 


Continuing with flA.13li . we have 
(A.15) 


det^|"+^“BA((^ 


A+i 


9 


)bi/(7r(| Im+I I d^f = 0, 

9* 


where is over Za-i-i{E)\GLa-£-i{E). Applying the same inductive 
argument in Sections 6 and 7 of [HS], we obtain that 

Wr{Ia)bu{Vn,V„) = 0 . 


However, this contradicts with flA.Sp . Therefore, there must exist a 
choice of data such that •) is not zero at the given s = Sq. 

We note that such an inductive argument will be repeated in the 
proof for the more precise assertion for hnite local places z/ G S', and 
will be recalled below. Moreover, by 7^ 0, one can choose 

suitable HA similar to the case in Sections 6 and 7 of [69] such that the 
left hand side of (IA.13D is convergent over the whole complex plane. 
Since /i and /2 are smooth, compactly supported functions, the integral 
(IA.12P for such choice of data is defined over the whole complex plane, 
which equals Zy{s, ■) for all s. In particular, the local zeta integral 
Zj,(s, •) is not zero at any s. 
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At a finite local place z/ G S', under the assumption on Vt, and Uo-, we 

z 

may obtain a stronger assertion that there exist v'^ and such that 
the local zeta integral Zy{s, •) is a nonzero constant independent of s. 

Since is a smooth vector, we can choose a characteristic function 
02 to be supported in a small neighborhood which fixes the vector 
and /i to satisfy flA.ldp . Continuing with flA.12p . we are able to obtain 
a simpler formula for the local zeta integral •) (cf. (lA.lSp i at 

hnite local places: 

(A.16) Z,{s,-) = J dz?, 

where = di&g{g, I^+i, 9*} e and 
(A.17) J^v^,vA 9) ■= b^{7T{g'^)v.^,Va). 


By applying the inductive argument of Proposition 6.1 in [62], we ob¬ 
tain a constant function for some v'^, IPV and 


(A.18) Z{s, •) — CofPr(-fa)-^ UaKi^a-i-l)- 

More precisely, we produce a new vector v'^ ^ it based on the initial 
vectors and such that is a characteristic function on a 

small neighborhood of the identity element. We apply the inductive 
argument mentioned as above. Let be the function dehned as 

flA.lTp . We dehne T\g) to be 

where 3^ is a large compact open subgroup of Mat(a_£_i)xi, '‘PzIk a 
character of di only involving the entry di^a-£-i in the {a — £ — l)-th 
row. Here the element is the embedding into of form 04.171) 

with zero entries for u, Vi and v. So y can be considered as a subgroup 
of V/ 3 -i ^rt- We may replace by 



If we choose y sufficient large, by the dehnition 04.36p . we have that 


for some nonzero constant c' when the bottom row of the matrix b is 
near (0,..., 0,1); otherwise £Fv„,v'^{b) is zero. Using the induction on 
the size of b and repeating this process, we obtain that there exists a 
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vector v'^ such that is a constant function supported in a small 

neighborhood of the identity. 

Next, applying a similar argument, we can choose a Whittaker func¬ 
tion Wr{-) that is also constant and nonzero at a small neighborhood of 
the identity. Then the integrand of flA.lbj) is a constant function, and is 
equal to coWT-{Ia)^v„,v'^{,Ia) for some nonzero volume cq of its support. 
Remark that with our choice of Wr and the integral flA.lbl) is 

constant over the whole complex plane. Therefore, we complete the 
proof of this proposition in the case Ha+mi^u) 7 ^ GL 2 a+m{F^)- 

If Ha+m{.Fy) is isomorphic to GL 2 a+m(-^i/)) due to the splitness of 
the group, the matrix calculation such as flA.Sp and flA.bp is slight 
different. See [81] for instance. However, the proof for this case is 
completely same. Hence we omit the details here. 


Appendix B. On Local Intertwining Operators 

Throughout this appendix, let F be a local held of characteristic 
0. Recall that is a quasi-split classical group dehned over F and 
Hm is a pure inner F-form of Let 0 be a local L-parameter of 
H^{F) and the associated L-packet. Assume that 0 is generic, 

that is, contains a generic member, following [65]. Up to a 

conjugation, assume that 0 is of form as in Section 13.11 

(B.l) 0 = (0^ (g) I . \F'j (g) • • • (0i 0 I • f*) 0 00, 

where 01 > 02 > • • • > A > 0 , all 0 *: Cp ^E/Fip-i) for 1 < i t 
and 00 : Cp —)■ are tempered local L-parameters. Then, the L- 

packet is dehned to be the set of the Langlands quotients of 

the induced representations 

(B.2) Indp^^^^V(0i)| det 0 • • • 0 r(00| det 0 ao 

where the parabolic subgroup P has the Levi subgroup isomorphic to 
Gp/p^rii) X ■ ■ ■ X GE!p{nt) X Hn^, ctq runs though over the tempered L- 
packet U^g^HriQ), and r( 0 j) is the irreducible admissible unitary generic 
representation of GE/p{ni){F) given by the local Langlands correspon¬ 
dence for the general linear groups. 

Proposition B.l. If cf) is a generic L-parameter of as given in 
(EB, then all representations in can he written as irreducible 

standard modules, that is, the induced representations displayed in (IB.2D 
are irreducible for all pure inner forms Hm and ao G n 0 (F„g). 

Proof. If F is nonarchimedean, this proposition is proved by Mceglin 
and Waldspurger in [65] for orthogonal groups, by Gan and Ichino in 
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m Proposition 9.1], and by Heiermann in |30] for general reductive 
groups. If F is archimedean, it is a special case of Theorem 1.24 in the 
book by Adams, Barbasch and Vogan ([!])• More details can be found 


in Chapters 14 and 15 of [T]. 


□ 


Proposition IB. II serves as a base for us to prove Theorem 15.21 Recall 
that the normalized local intertwining operator Af{uo, t ® a, s)u takes 
sections in the induced representation 


(B.3) det I'* ® a,) 


to sections in the induced representation 



where Tj, is the local i/-component of the irreducible isobaric automor- 
phic representation r as given in fl4.ip . and is the local z/-component 
of the irreducible cuspidal automorphic representation a in Mcusp(Tfm) 
with an iP^-relevant, generic global Arthur parameter ((>„ as in Theorem 
15.21 It is clear that Theorem 15.21 follows from the following theorem. 

Theorem B.2. Let cf)'^ he a local u-component of an Hm-relevant, 
generic global Arthur parameter of If r is an irreducible admissi¬ 
ble unitary generic self-dual representation of Ge/f{.o){F) and a is an 
irreducible representation in the generic local L-packet then 

the normalized local intertwining operator J\f{ujo,T ^ a, s)^, is holomor- 
phic and nonzero for Re(s) > 

Proof. First of all, the local L-packet n^+(iLm) has a generic member 
(i and R) when is quasisplit. If a is generic, the 

proposition follows from Theorem 11.1 in [T3] . 

Assume now that a is not generic. For such a generic local L-packet 
by Proposition IB. 11 the standard modules as displayed in 
flB.2H are irreducible. This is the key point for us to apply the argument 
in [13] in the proof of this proposition. 

According to the structure of the unitary generic dual of the general 
linear groups, given by Vogan in [71] for the archimedean case and by 
Tadic in [73] for the non-archimedean case, any generic member a° 
in is isomorphic to the irreducible generic unitary induced 

representation 


Indp]],l^^V(0i)| det ® ® r(0i)| det ® (Jq 


where 


(B.5) 


1 > ft > ft > ■ ■ ■ > A > 0, 
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and all r(0i) and cxo are irredncible, nnitary, generic, and tempered. By- 
Proposition [RTI each a in is of form flB.2l) with the exponents 

satisfying fIB.SD . 

Again, by the nnitary generic dnal of the general linear gronps, r is 
isomorphic to the irredncible indnced representation 
(B.6) 

Indpl;"j®Vi I det I0 ■ ■ ■ 0TjI det I”" 0To 0 rj I det r"" 0 ■ ■ ■ 0 r, I det r 
where all r* are nnitary, generic and tempered, and 

^ > tti > • • • > ttrf > 0. 

Now we replace the representations Tu and in fIB.Sp by their cor¬ 
responding realizations in fIB.bp and flB.2p . respectively. By the transi¬ 
tivity of parabolic indnction, Af{uo,Ti, 0 can be expressed as a 

composition of the local intertwining operators of rank one, which are 
of form 


(B.7) ■A/'(wyi, Tj 0 r(0i), s±aj± A) 

(B.8) P?' ® A; 2s ± aj ± ai) 

(B.9) ■A/'(w", r(0i) 0 (To, s ± ttj). 


where Wj^i^ tc'j, and w” are the corresponding Weyl elements. We deal 
with these three types of the local intertwining operators separately. 

The hrst two types flB.7p and flB.SD were stndied by Moeglin and 
Waldspnrger in |63]. For any nnitary tempered r and r' of general 
linear groups, the normalized intertwining operator J\f{w,T 0 r',s) is 
holomorphic and no n zero for Re(s) > —1. Because of the bounds for 
the exponents, it follows that 


Af{wj^i, Tj 0 s ± Dj ± (3i) and Af{w'jj, Tj 0 Tj, 2s ± aj ± a^) 

are holomorphic and nonzero for Re(s) > 0. 

For the remaining type flB.Qp . by the bound 0 < Oj < |, it is suffi¬ 
cient to show that the normalized intertwining operator r0cTo, s) 

is holomorphic and nonzero for Re(s) > 0, when r and (Tq are unitary 
tempered. Since 0o is a generic parameter, there is a generic represen¬ 
tation (Tq in the tempered local L-packet Hence we have the 

identity of local L-factors: 


L(s, r X (Jo) = L{s, T X (Jq). 

Referring to [52], L(s, r X(Jq) and L{s, r, p) are holomorphic and nonzero 
for Re(s) > 0, and so is the normalizing factor. In addition, following 
Proposition IV.2.1 in [76] for the non-archimedean case and Lemma 4.4 
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in [lO] for the archimedean case, the non-normalized local intertwin¬ 
ing operator (8) cro,s) for tempered data is holomorphic and 

nonzero for Re(s) > 0. It follows that both Tj 0 ao, s — aj) and 

L(s — aj, Tj X (Jo) are holomorphic and nonzero for Re(s) > | because 
0 < ttj < Therefore, the normalized local intertwining operator 
Af{Wj ,T{(f)i) (8) (Jo,s ± aj) is holomorphic and nonzero for Re(s) > 
Putting together the results for all three types, we complete the proof 
of this proposition. □ 
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